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Some Numerical Values of the Atomic
Scattering lactor.

By
R. W. James, Manchester and G. W. Brindley, Lceds.

In table T of this note we give the values of a number of atomic
scattering factors for X-rays (Atomformfactor f) which we have calculated

theoretically. A full account of the method of calculation has been
siven in a paper in the Philosophical Magazine (1), but, by the courtesy
of the Rditors of that Journal, we are able to reproduce some of the
numbers which we hope may be of some use to those engaged 1 the
analysis of crystal structure.

The {-values given in the table are mostly those of the lighter elements.
For the heavier elements, values based on the Thomas-Fermi (2)
method of caleulating the atomic fields are probably adequate for most
purposes?). The conception of the atom as an electron gas must, ho-
wever, be less applicable to the lighter atoms than to the heavier ones,
nd since we had at our disposal a number of atomic fields for the
lichter atoms, calculated by the Hartree method of self-consistent fields (3),

+ seemed worth while to calculate f-curves from these, and to attempt
to devise a method of interpolation which would give f-curves for atoms

tor which no fields had been calculated. The labour of calculating self-
consistent fields for each atom would have been prohibitive. Hartree’s
method gives to a close approximation the value of |y |2, where y is the
wave function for each closed electron group at any point mn the atom.
According to the work of Wentzel (4), and of Waller (5), the scattering
from the atom can be obtained by treating each element of volume v
as a classically scattering element of charge [y 2. dv. Accordingly,
the value of f is given by

oo

f= [4alp 225
. ¥

{)

1) See for example W. L. Bragg and J. West, L. Krist. 69, 118. 1928,
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where L = 4z (sinf))/A, 6 being half the angle of scattering—or the
olancing angle of retlexion, it we consider the X-ray spectra as formed

by retlexion from the atomic planes of a crystal—and Z 1s the wave
iength of the radiation scattered. Quantitative work on rock salt (6),
svlvine (7), and alummium (8). in which proper corrections tfor the
temperature tactor were made, showed that the values of f calculated in
this way for Ne+, K+, Cl- and Al were in good agreement with the

observed wvalues, and this gives some justification for employing the
method to calculate other f-curves.

Atomic fields have been calculated by Hartree’s method for He,
Li, O. F—, Ne, Na, Na*, Al+, Al++, Al+++ Cl-, K+, Ca**t and RbT.
Some of the values have been published in the papers already quoted,
but for others we are imndebted to Prof. Hartree and his fellow workers.
On the f-curves for these elements the method of interpolation was
based. For a detailed account fo the method, reference must be made to
the paper in the Philosophical Magazine, and an outline must suffice here.

Interpolations were made between the values of f tor the individual

clectron groups, and not between those for the atoms as a whole. 1f f

for a single electron of a given group 1s plotted against 1/(Z — ) - (sin0)/4
for a series ot atoms, Z being the atomic number and s a ‘“‘screening
parameter’”’; 1t 18 found possible to make the curves for all the different
atoms practically coincident by a proper choice of s. In this way a com-
mon /-curve, which is characteristic of the group, 1s obtained. For a
oiven electron group, the parameter s varies from atom to atom 1n a
manner which is regular enough to allow of the interpolation of s for
atoms for which the f-curves are not known. Omnce such interpolations
have been made, the f-curves for the electron group under consideration
can be calculated for these atoms. as a function ot (sin )/, from the com-
mon f-curve. This process 1s repeated for each group of electrons in the
atom, and so the f-curve for the whole atom can be bult up. In the
more detailed paper, tables are given by means of which this inter-
polation can be carried out for a number ot electron groups.

A critical discussion of the method indicates that for elements of
atomic number less than about 25 the values of f calculated in this
way should not differ by more than about 0.1 to 0.2 from those which
would have been calculated from the self-consistent field. Of the atoms
on which the interpolations are based, only Al+, Cl-, K+, Ca** and
RO+ contain M-electrons at all. so that data for rehable common curves
for these electrons are lacking. Fortunately the contributions of such
electrons to [ are very small, except for quite small values of (sinf)/A4,

31
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so that the lack of detailed knowledge 1s of less importance than might

be supposed. In table I we have included the values of f for copper.
which were calculated by the method of interpolation. In copper the
complete M-group is present. so that 1t 1s a case very unfavourable to
the method. We have also given the values for the same element cal-
culated from an approximation to the self-consistent tield given to us
by Prof. Hartree, and, for completeness, the values calculated from the
Thomas-Fermifield. It will be seen that the general agreement
between the three curves is fairly good, although there are considerable
divergences. In table I, the values of f for a number of states of 1onisation
of some of the atoms are given. The values at the smaller angles, where
the curves differ, must be regarded as very approximate, since adding
another electron to a group causes a general loosening up of that group.
which has not as a rule been taken fully into account. The curves must
be taken as giving only an indication of the effect ot diiferent numbers of
outer clectrons. Except for small values of (sin@)/A. f differs very httle
for the different states of ionisation. For a discussion of this question.
reference may be made to a paper by the writers and R. G. Wood (8).
‘' which the contributions of the different electron groups to f in the
case of aluminium are given.

For values of Z greater than 25. the f-curves calculated from the
Thomas-Fermifield are probably as accurate as any that can at
present be obtained. Some values calculated by this method have
already been tabulated by W. L. Bragg and J. West (10) 1n a paper
‘1 this Journal. For the sake of completeness we give in table 11 a series
of values of f. caleulated from the Thomas-tield for (facsium. for 35
of the more important atoms with Z greater than 22. It will be re-
membered that the Thomas-f-curve for any atom Z can be obtained
from that for a standard atom Z,. simply by a change of scale both 1n
ordinates and abscissac. To obtain the value of f for (sin0)/Z == » for
the atom Z we take the value of f from the curve for Z; at (sinfl)/2 =
v (Zy/Z)" and multiply it by Z/Z, Thomas worked out the charge
distribution for caesium, and the f-curve caleulated from this by Bragg
and West was taken as the standard. For convenience of reference. the
values are reproduced in table P,

It should be noted that the methods of calculating f used 1n this
paper arc only valid if the frequency of the scattered radiation 1s con-
siderably less than the absorption frequencies of any of the electrons
of the scattering atom. Now, with the radiations usually employed.
this will certainly not he the case for any of the heavier elements included
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in the table. As the frequency of the radiation approaches and passes
the absorption frequency of an electron group, the contribution of that
aroup to f will be greatly modified. The group may cease 10 contribute,
or its contribution may even oppose that from the rest of the atom. The
existence of effects of this kind must be kept in mind when using tables
of f-values. 1f molybdenum radiation is employed, for example, they may
be expected for scatterers for which Z is greater than about 40.

[t is perhaps necessary to emphasise the fact that the f-curves in
the tables refer to the free atom, supposed in a state of rest. In a crystal,
the packing of the atoms must disturb the outer electrons. This will
affect f only for small values of (sin 6)/4 and is not very important. A much
more important matter is the heat motion of the atoms, which will have
the effect of reducing f(9). especially for the larger values of (s1n B)/A.
The effect is not a small one. For soft crystals, the amphitudes of vibration
may be of the order of 0.2 A. even at ordinary temperatures, and f for
high orders of spectra may be reduced to as little as one half or one third
of its value for the atom at rest. This question also is discussed n the

more detailed paper. and methods are there suggested for getting some
idea of the order of the correction. No simple general method can be
agiven, for heat motions differ not only from crystal to crystal, but also
from atom to atom, and from direction to direction in the same crystal.
[t is very necessary to be alive to the importance of this effect. We
have denoted f for the atom at rest by f,.

Table 1.

Atomic Scattering Factors J,.

e

sin & | | _ | o | Re-
4078 0 o4 1021031040506 07108]09 10711 |

| marks
H 1.0l 0.8110.4810.25{0.13(0.07!0.04|0.03!0.020.010.00}0.00 W
He 20! 1.88(1.461.05]0.7510.520.35(0.24|0.48]0.14,0.110.09 H
La™ 20! 196118 [15 11.3 [1.0 |08 |06 [0.5 |04 103 0.3 H -
Lt (neut) 30! 92 (18 {15 [1.3 |1.0 |08 |06 [05 (04 |03 0.3 H
Betr 201 2.0 119 [1.7 1.6 [14 |[1.2 |1.0 |09 [07 106 | 0.0 1
Be (neut) 400 29 119 117 116 |14 [1.2 [1.0 |09 |07 (0.6 [0.0 I
B 201 2.0 1.9 |18 1.7 |1.6 |14 [1.3 [1.2 1.0 [0.9 |07 1
B (neut) 50! 85 124 1149 (1.7 |15 14 [1.2 (1.2 11.0 [ 09 |07 1
(. 601 46 130 (22 119 (1.7 (16 |14 |13 (1.2 [1.0 |09 1
N T 201 20 120 (19 |19 [1.8 {17 |16 |15 (1.4 [1.3 [1.46 /
N 400 37 130 124 120 (1.8 |465[14.55114.5 (1.4 [1.3 145 i
N (neut) 0| 5.8 |42 (3.0 123 |19 (165155156 114 1.3 1115 1
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Table I (continuation).

sin & \ | | ‘ ‘ o o |

--}-—------10 8{ 0 0.4 : 0.2 l 0.3 10405 06|07 08]09;1.0) 11
O (neut) 80 7.1 153 |39 {29 122 1.8 |16 (1.5 |14 |1.3511.25
O3 10.0 8.0 [5.5 3.8 |27 |21 |18 [1.6 |1.5 |14 (1.35]|1.25
F- 10.0; 87 (6.7 |48 |35 |28 [22 |19 1.7 |1.55/1.5 |1.35
F (nent) 9.00 7.8 [6.2 [445(3.35(2.65]245(1.9 1.7 |46 |15 [1.35
Ne 10,0 93 [7.5 |58 |44 134 1265122 [1.9 [1.65]1.55] 1.5
Na— 10,0 9.5 |82 6.7 [5254.05|3.2 [2.65(2.25]11.951.75] 1.6
Na 14.0) 9.65/ 8.2 (6.7 [5.25]4.053.2 |2.65|2.25,1.95]|1.75] 1.6
Mg+~ 10.0 9.75/ 8.6 | 7.25/5.05(4.8 1 3.85{3.45(2.55]2.2 120 |1.8
My 12.0/ 10.5 | 8.6 |7.2215.05|4.8 [3.8513.15(2.55612.2 2.0 |1.8
AT+ 10.0 9.7 |89 |7.8 [6.6555 (445/3.65/31 |2.65|2.3 |2.0
Al+ 11.0) 10.3 [ 9.0 |7.7516.6 |55 |45 [3.7 |31 |2.65]23 |20
Al 12.0/ 10.9 | 9.0 [ 7.75,6.6 |5 |45 [3.7 |34 [2.65]2.3 |2.0
Al 13.0 11.0 [ 895 7.75|6.6 (5.5 |45 |3.7 |3.1 [2.65]2.3 |2.0
SliEbA 10.0] 9.75] 9.15 | 8.25| 715 6.05|5.05|4.2 |3.4 (29526 |2.3
Sy T 12.00 141 (955182 [745/6.05|5.05(|4.2 |3.4 [2.952.6 |2.3
) 14.00 1135/ 9.4 |82 [ 745|614 |54 (4.2 (34 129526 |2.3
g 10,0 9.8 1925184570 |6.55|5.656[4.8 [4.05]|3.4 3.0 |2.6
P (neut) |15.01 12.4 [10.0 | 8.45| 7.45] 6.5 | 5.65| 4.8 | 4.05| 3.4 | 3.0 | 2.6
= (8.0 12.7 | 9.8 | 8.4 | 7.45 6.5 | 5.65| 4.85] 4.05| 3.4 | 3.0 | 2.6
S (neut) 16.0| 13.6 {10.7 | 8.95] 7.85| 6.85| 6.0 | 5.25{ 4.5 | 3.9 | 3.35| 2.9
S8 10.00  9.85] 9.4 | 87 | 7.85] 6.85 6.05{ 5.25| 4.5 | 3.9 | 3.35] 2.9
S 2 18.0; 14.3 [10.7 | 8.9 | 7.85] 6.85| 6.0 | 5.25] 4.5 | 3.9 | 3.35] 2.9
C'l 17.01 14.6 1.3 | 9.25) 8.05] 7.25| 6.5 | 5.75] 5.05| 4.4 | 3.85{ 3.35
(= 18.01 15.2 11.5 | 9.3 | 8.05| 7.25) 6.5 | 5.75] 5.05| 4.4 | 3.85] 3.35
A 18.0) 15.9 |12.6 104 1 8.7 | 7.8 | 7.0 1 6.2 | 54 | 47 | 441 | 3.6
KT 18.01 16.5 [13.3 |[10.8 | 8.85] 7.75| 7.05| 6.44) 5.9 | 6.3 | 4.8 | 4.2
Cat 18.01 16.8 [14.0 11.5 | 93 | 841 | 7.35] 6.7 | 6.2 | 5.7 | 5.1 | 4.6
S¢ 18.01 16.7 44.0 U144 | 94 | 83 | 7.6 | 6.9 1 6.4 | 5.8 | 535 4.75
Ty 4 18.00 17.0 144 41,9 | 9.9 | 85 | 7.85] 7.3 | 6.7 | 6.15] 5.65] 5.05
/A TR 20.0| A18.7 15.5 12,5 (101 | 85 | 7.8 | 7.25] 6.7 | 6.15| 5.65; 5.05
Cu™ 28.01 27.0 {24.0 120.7 17.3 14.0 11.3 | 9.4 [ 80 | 7.3 { 7.0 | 6.7
C'u ™ 28.0; 26.3 (23.0 19.2 15.8 13.0 (11.2 | 9.7 | 84 | T4 | 6.7 | 6.5
Cu 29.00 25.8 |21.4 (17.8 152 133 |14.7 |10.2 | 9.1 | 8.4 | 7.3 | 6.7
R+ 36.0] 33.6 [28.7 |24.6 |21.4 [18.9 {16.7 [14.6 {12.8 |11.2 | 9.9 | 8.9
Ri) 37.0) 33.4 [28.2 123.6 [20.4 |17.9 |15.9 4.0 124 |11.2 10.2 | 93 |

I calculated by method of interpolation.

H calcu

T calcu.

ated from Hartree distri]

ated fromx Thomas model.

ution.

W caleulated from hydrogen wave-function (ground state).

Re-
marks

—_—
— e Tt

Sy
mmm+M'HH_HHH
- |

H apptox
B
i |

T |
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Table 11.

Values of f, caleulated from the Thomas field.

-

sin @& | | |

— 08 o 10110210804 !05]|06|07]08]0911.0° 1.1
|87 22019203116.6| 13.5! 411.6110.41 87} 7.6] 67| 6.0 54 4.8
'y 0401214 174 14.3112.2/10.6| 92| 841 7.2| 6.4] 57 5.2
Mn 05 (01221 | 18.21 14.91 12.8 [ 11.2] 9.6 85| 7.5| 6.7 6.0 5.0
Fe 26.01 2341194 15.6113.4]11.7|10.2, 89| 7.9 74| 64 5.5
(‘o o7 0124.0119.9! 16.3|13.9/12.2(10.7| 93| 82| 74| 67| 6.0
Ni 98 0124912071 17.0| 14.6|12.8 11,2| 9.8} 87| 7.8] 7.0| 6.4
Cu 200192581 21.4117.8115.2]13.3[11.7] 10.2] 9.4| 84 7.3} 6.7
i 2002691224 18.6| 15.8] 14.0;12.2110.6|, 95| 85| 7.7 7.0
G 91 0197.8123.319.3116.5]14.5|12.7]11.2] 9.9, 89 81| 7.3
(e 29 0] 98.7124.1120.0}17.4115.1(13.3, 14.7110.3] 9.3| 8.4 7.6
As 2201 20.6124.0120.7(17.715.6113.8 [ 124 [10.7| 9.7 88| 7.9
Se 2101 20.6125.8121.5]18.4116.2]14.3]12.6| 11.21104| 9.1| 8.2
Br 2501 31.5126.6122.2119.0]16.7]14.8 ] 13.0|11.6] 104} 9.5} 8.6
R a7 01 33.41928.2123.6(204117.9115.9] 14.0]112.4(11.2110.2| 9.3
Sy 2901 34.4129.21 245! 2001 18.5| 16.4 | 14.5| 12.9| 14.5| 10.5| 9.6
s 23001 35.4130.0125.321.6/19.1]17.0| 15.0]13.3|12.0{10.9| 9.9
VA, 10013641309 2611223119.7]17.5|15.5]13.9[12.4 14.2)10.3
Mo 12013821326 27.5]23.5!20.8|18.6|16.5] 14.8|13.2| 12.0} 11.0
R 1501 41.1135.41208125.4(22.6(20.218.0(16.1|14.5 13.1| 12.0
Pd 16.0142.0136.0130.6]26.2]23.1]20.7| 18.6 | 16.6 | 14.9| 13.5 | 12.4
Ag 170143.0136.9131.3126.8123.7121.3/19.0|17.0]15.3|13.9] 12.8
C'd 18.0143.913781321127.5124.3]21.8/19.5|17.4]15.7]14.3113.2
Sn 50.0145.9139.4133.6]28.9125.5!23.0|20.5118.5146.6]15.0) 13.8
S 51.0146.81403134.50120.6126.4123.5] 244|189, 17.015.4 | 14.4
Te 520 47.7141.11385.21380.2)|26.7|24.0] 21.6| 193 17.4| 158} 14.4
I =201 487142.0136.0]80.9|27.4124.6] 221198/ 17.9]16.2| 14.8
C's 5501 50.7143.8137.6] 32412871 25.8123.2|20.8|18.8117.0]15.6
Bua 56.01 51.7144.8138.41383.1129.3126.4)23.7]21.3|19.2,17.4 16.0
Ta 2301 68.1 | 50.7 | 52.1 | 45.21 40.1 | 36.2| 32.9|29.9| 27.4 | 247 | 22.6
w -4 0169.0160.5! 53.01 46.0] 40.6| 36.8| 33.5| 30.4| 27.6| 25.1| 25.0
P =2 0172.9164.2] 56.3]48.9]/43.3139.1| 35.7|32.5|29.5| 26.9| 24.%
Au 700! 74.0165.0] 57.0149.743.9 39.8, 36.3 233.01 30.0| 27.4 | 25.1
Hq 0.0 74.9| 659! 57.8150.3|44.6|40.3| 36.9|33.5] 30.5|27.8125.4
I 310|758 66.8158.6|51.2145.2|41.0]37.5|34.0|30.9] 28.3| 25.8
Pb 3201 76.9167.8]59.5|51.9]45.9| 41.6| 38.0 34.6| 31.4 ] 28.7 | 26.2
Bi Q3.0 77.0168.7160.3!52.7146.6|42.2|38.6]35.2|31.9]29.2| 26.8
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Table 11.

Values of f, calculated trom the Thomas field.

470

-

1k 0 | 04102 l 03! 04 050607080910 |‘ 1.1
- = — — _. D
Vo 93 0192031 16.6113.5111.610.1| 87| 7.6 6.7| 6.0| 54| 48
Cr 010l 914 17.4]14.3112.2]10.6| 9.2| 81| 7.2 64 57| 5.2
Mn ox 0] 994 18.2] 14.0] 12,8/ 11.2| 9.6 85, 7.5| 67| 6.0] 5.5
Fe o0l 9311104 | 15.6] 13.4] 117102} 89| 7.9| 7.4| 64 53
('o o= 0] 94.0119.9| 16.3| 13.9|12.2] 107| 9.3] 82| 74, 6.7 6.0
i o2 0] 21.91207|17.0( 1461128 11,2 98] 87 7.8} 7.0| 6.
e 0009581214 17.8115.2]13.3| 14.7] 10.2] 94| 84} 7.3} 6.3
iy 500 26.9| 22.4| 18.6] 15.8 | 140, 12.2] 10.6] 9.5] 85| 7.7 7.0
G a1 0l 97819331 19.3] 165 14.5| 12,7 | 141.2] 9.9] 8.9 84 7.3
i 99 01 98.7 | 24.0120.0| 17.1] 15.1|18.3| 1471103 9.3| 84| 7.6
As 5509296 24.9120.7] 17.7115.6| 13.8[ 124|107} 9.7| 88} 7.9
Se 010! 906] 2581 21.5]18.4116.2|14.3] 12,6/ 11.2{10.4] 9.1} 8.2
Br a5 01 305 26.6 | 22.21 19.0] 16.7]14.8| 13.0| 11.6] 10.4} 9.5} 8.6
Rl o= 03341982 23.6]20.4|17.9]15.9| 14.0]12.4| 11.2}10.2) 9.3
Sy 33 (0| 34.4|20.21 24.5]20.9(18.5|16.4| 14.5] 12,9} 11.5] 40.5| 9.6
¢ 20 0| 35.4 | 30.0| 25.3121.6] 19.1 | 17.0| 15.0|13.3| 12,01 10.9| 9.9
Zr 10.0136.41309! 26.1]22.3]19.7|17.5|15.5|13.9) 12.4] 11.2) 10.3
Mo 1900382 32.6|27.5|23.5]20.8|18.6| 16.5| 14.8| 13.21 12,0 11.0
Rl in0lai1135.4] 2081 25.4]22.6]20.2| 18.0] 16.1 | 14.5] 13.1112.0
Pd 16.0142.0136.0|30.6]26.2]23.1]20.7]18.6|16.6| 14.9| 13.5) 12.4
A 170l 43.0136.0131.3)26.8]23.7|21.3]19.0{17.0}15.3| 13.9 12.8
(' 180143913781 32.1127.5] 24.3] 21.8| 19.5|47.4| 1571 143 13.2
Sn <001 45.9139.4133.6|28.9| 25.5| 23.0| 20.5|18.5| 16.6] 15.0 | 13.5
St 1 ol168]40.3] 345 29.6126.4|23.5| 20.4 | 18.9[17.0] 15.4 | 14.1
T o 0l 4771 41.1 | 35.2130.2] 26.7|24.0] 2.6 19.3| 17.4 1 15.8 | 14.4
J 2 0| 4871 42.0136.0130.9| 27.4] 24.6] 22.1}19.8| 17.9| 16.2| 14.8
Us == 01507 43.81 37.6132.4|28.7| 25.8| 23.2| 20.8)| 18.8 | 17.0| 15.6
Bu 6.0 50171 44.8138.4133.1]29.3|26.423.7|20.3]19.2 1741 16.0
Ta a0l 684 1597 | 52.4 | 45.2]40.1136.21 32.9|29.9|27.4) 24.7) 22.6
W -10169.0160.5|53.0146.0] 40.6| 36.8| 33.5|30.4|27.6} 25.1} 23.0
Pt -q.0172.9 1 64.2156.3] 48.0143.3|39.1| 35.7|32.5| 29.5| 26.9| 24.7
Aw 0.0 71.0165.0! 57.0]49.7] 43.9|39.8 | 36.3| 33.0| 30.0|27.4| 25.1
Hy 0.0 7491 65.9| 57.8150.3 44.6| 40.3] 36.9 33.5| 30.5]27.8| 254
T a1 0l 7581 66.8]58.6(51.2145.2] 41.0] 37.5|34.0| 30.9| 28.3| 25.8
Ph 22.0176.9 67.8|59.5| 51.9]45.9| 41.6| 38.0| 34.6| 31.4] 28.7| 26.2
Bi a3 0] 77 0| 6371 60.3 | 52.7|46.6 | 42.2| 38.6| 35.2| 3L.9 ] 29.2{ 26.8
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Table 111.

f,-Values for Cs calculated on the Thomas-Fermi-

distribution.
sin & ! sin G
.4 8 f S K f

/ | /
() DD 1.0 17.0
(.1 2.7 1.1 15.0
().2 13.8 1.2 14.5
.3 37.6 1.3 13.2
(.4 32.4 1.4 12.3
(.5 287 1.5 i11.3
1.6 10.4
().6 25.8 1.7 4.0
0.7 23.2 1.8 Qe
()N 20.8 1.9 8.0
0.9 15.8 2.0 3|
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