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1 Notation

e Quantum mechanical quantities will be denoted with a hat: "

Vector quantities are denoted using bold face; e.g. x = (z1, x2, x3).

Super /sub-scripts: @(r) denotes the i-component (i € {1,2,3}) of x for particle r.

f and ¢ will always be assumed to be some polynomials in position and momentum variables & and p.

Time derivatives will sometimes be indicated with a dot (e.g. 4 = )

e [, p] denotes the commutator &p — pz.

e The Kronecker and Dirac deltas, 0., ,, and 6(z), are detailed in the Appendix.

2  From Classical Mechanics to Quantum Mechanics

2.1 Classical Mechanics:

In Classical Mechanics (CM) the equations of motion are derived via Hamilton’s Equation. To prove this
from more basic principles is beyond our scope here, so we just take this as a basic assumption. Suppose
f is some physically observable quantity, which is a polynomial function of position z, momentum p (and
possibly has an explicit dependence on t).

Physical Assumption 1 The equation of motion governing the time-evolution of f follows Hamilton’s
equation
d af
i H el
Sf={fHY+ 5
where {, } is the Poisson Bracket.

The term % on the RHS of Hamilton’s equation is the explicit time-dependence of f, that is, not accounting

for the time-dependence through x and p (which are ultimately number-valued functions of ¢). In Hamilton’s
equation, x and p are treated as abstract variables, and f is some polynomial in x and p. In particular, this
means that if f is dependent on time only through = and p, Hamilton’s equation simplifies to

d

The Poisson bracket is a multiplication rule for polynomials in positions z and momenta p. It is defined by
two sets of axioms:

A) {l'gr)apg‘s)} = 5i,j5r,s

" Py =0

B) {fvg} = _{gvf}
{Cf7g} :C{fag}
{frg+h}={f g} +{f,h}
{f,gh} ={f,9}h + g{f, h}
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An important consequence of the axioms of {,} is the Jacobi Identity:

{f: {9, h}} +{h.{f, 9} +{g.{h. F}} = 0.

The choices for f in Hamilton’s equation that are most important for classical mechanics are f = $(T) nd

f= p(r) For these choices of f Hamilton’s equation () becomes:

4 o _ ™),
) = (p")
— H 2
pre {p;”),H} (2)

As a concrete example illustrating that the equations of motion for a system follow Hamilton’s equation,
consider a free particle of mass m possessing only kinetic energy. Its Hamiltonian is

2
J

3
H:Zi.

[\~

3 .9
d pj Di
il EOD DL el Sen
Jj=1
d p;
- Ti = \ Pis Z P =0
di 22

These agree with what is learned in high-school physics: p; = m2; and &; = 0.

As another concrete example, consider a system of two point-masses m1, ms which are connected by a spring
with spring-constant k. Its Hamiltonian is

M) ™) ki a)?
= le + 2m2 +§(X X )

Using this H in equations (1) and (2) give the equations of motion

d_ () _ (0 p”

H [

at = e Hy =
1 1 1 2
dt()*{p() }:7,{(335)7955))
2 (2 2 1
=y = <k (2 V)

In CM, z,p are real-valued functions. This means that the Poisson bracket can be evaluated using the
following “representation”:

_9f0g _0f0g
{f.9y = Ox dp OpOx
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2.2 What’s Different for Quantum Mechanics

Quantum Mechanics (QM) also obeys Hamilton’s equation, and all the axioms of the Poisson algebra.
What differs is the mathematical representations of position and momentum. The experimentally observed
phenomenon of incompatible measurements suggests that position and momentum cannot be number-valued
functions in QM. Suppose & and p denote the mathematical objects we use to represent position and momen-
tum. The condition that  and p cannot be number valued functions suggests that Zp # pZ, or equivalently
[, 9] # 0 (if a representation consistent with the Poisson algebra satisfied [, ] = 0, it would be isomorphic
to a number-valued representation). If & and p are not number-valued, then the representation of {,} in
terms of partial derivatives that we had for classical mechanics is no longer valid. So we need a new represen-
tation of {, } that is both mathematically consistent with the axioms defining it, and is physically consistent
with observed data. We begin by examining the constraints given by the requirement for mathematical
consistency with the axioms of the Poisson algebra.

We evaluate {119,010} in two ways, and require that the results agree.
{G1tg, 0102} = U1 {ti2, D102} + {01, 0102} 0o
Gy (91{f2, D2} + {2, 01}02) + (01{d1, D2} + {w1, 01}02) 2 (1)

and also
{1, D102} = 01{t1 Uz, D2} + {1z, 01 }02
= 01 (U1 {ti2, D2} + {11, V2 }2) + (1 {2, 01} + {u1, 01}12) D2 (2)
Equating (1) and (2) we get the requirement
(@101 — 0101) {t2, D2} = {1, 01} (G202 — Vatia) .

This means we must have

(ﬁlﬁl — @11},1) = K{’&l,’ﬁl} and

(tigy — Datin) = K{tia, 0o}

where K is some entity that is independent of the w1, U2, 01, 02. Since 1, g, 01, U2 were arbitrary, in general
we must have

K{a,0} =av — 004 (%)
for all @, ¥ polynomials in Z, p.
Classical mechanics is obtained in the case K = 0. In quantum mechanics, based on experiments we have

the following:

Physical Assumption 2 Quantum mechanics is consistent with the choice K = ih (where h is Plank’s
constant) in equation (x).

So, in quantum mechanics we have R R
[f 91 =in{f, g}

which leads immediately to Heisenberg’s Canonical Commutation Relations (CCRs):

[i.gr) ) ﬁES)] = ihél}j 57”,5

@7, & = [, 5] = 0

and a representation of the Poisson bracket for QM:

(7.0} = = 1.4



Advanced Quantum Mechanics 6

2.3 Heisenberg Equations

Using the above representation for the Poisson bracket, in QM Hamilton’s equation is represented as

d, 1., - 0
9=t 2
The Heisenberg equations are the Hamilton equation for the cases f =2 and f =p:
ihi = (&, H]
ihp = [p, H]
The physic§ will also require # = 21, and p = p' (Hermiteicity, or reality conditions). We say f is “Hermitean”
when f = fT. We come back to exactly what “t” means when we look at representation theory.
Before proceeding, we record a fundamental physical assumption underlying our development of quantum

mechanics.

Physical Assumption 3 Any physically observable quantity can be expressed as a linear, Hermitean oper-
ator f which acts on a complex vector space (Hilbert space, defined later). Such an f is appropriately called
an observable of the system.

2.4 A Representation for z, p

The # and p can be represented in a way consistent with the development above, using infinite-dimensional
square matrices.

Definition 1

an) o O O

Then let

where L € R.

This gives #(tg) = #7(to) , p(to) = p'(to) and [#(to),p(to)] = ih. As we shall see, it turns out that these
properties are preserved under the time-evolution of a quantum system, and so they will hold in general for
Z(t) and p(t).

2.5 Dynamics
2.5.1 Time-Evolution Preserves the CCRs and Hermiteicity Requirement

Theorem 1 The CCRs are preserved under time-evolution.



Advanced Quantum Mechanics

Proof: We need to show <[2,p] = 0.

Theorem 2 If H satisfies Hf = I;T, then the Hermiteicity of & and p is preserved under time-evolution.

Proof: We show that dzsf) is Hermitean.

(4) - (3p01)

H,2(t)] (use (AB)T = BTAT)

The proof that %(:) is Hermitean is analogous.

2.5.2 The Time-Evolution Operator

Definition 2 The time-evolution operator U(t) is the solution to

ih%ﬁ(t) =UWHE) , Ulty)=1

which is .

U(t) = Tei Jio B0yt

where T is the time-ordering symbol, needed to resolve ordering ambiguities arising from noncommutivity.

Note: U(t) is unitary (UT(t) = U~(t)).

The time-evolution operator is simpler when %—Ig =0:

U(t) = e (t-t0H,

Once we have the time-evolution operator, it gives the solution to the equations of motion.

Theorem 3 Assume igr)(to), ﬁgr) (to) obey the CCRs and are Hermitean. Then

27 = Ut 2" (1)U ()
P (1) = UF (08 (t0) U (t)

are the full solutions to the equations of motion.
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Proof: First, we will need the following expressions for U and (}T, which follow immediately
from the definition of U, and using the fact that H is Hermitean, and that (AB)" = BfAT:

X 1 ~ A
ty=—UH
Ut) = =0

1 ~ .~
) =—=HUT
Ul(t) = - HU

(r)

Now, we check that &, (t) obeys the equation of motion.

R0 = 1 (0103 000

The proof that ﬁ(r) (t) obeys the equation of motion is similar. O

i

For any observable f (polynomial in &, p) which is Hermitean and obeys the CCRs at time ¢y, Theorem 3

generalizes to give the equation for f(¢):

F(t) = UT()f(t0)U ().

We can also recover the Hamiltonian from the time-evolution operator: H = ihlJ T(t)%f](t).

2.6 Measurement of Observables

We have used a matrix representation of &, p. We would like measurements of these quantities to yield
real numbers. How do we compute these? In QM, we can compute the expected values T,p of position and
momentum measurements.

Physical Assumption 4 A unit vector |)) (in a complex Hilbert space) can be chosen which contains
enough information about the state of a quantum system at time to to predict measurement expecation values.
The expectation values are given by

() = (p|2(t)]
t) = (¥[p(t)|
(t) = (W|f(B)|) for any observable f satisfying f = f.

gl

V)
¥)

<l =

Notice that in this picture, the state-vector |¢)) describes the system at the initial time ¢(, and it is the
operators f describing observable quantities that vary with time.

Note:  Observables are required to be Hermitean ( fT = f ). The Hermiteicity requirement ensures that
measurement outcomes are real numbers.

The time-evolution of Z(t), p(t) does not in general follow the equations of motion of classical mechanics.
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Theorem 4 (Ehrenfest Theorem) If His a polynomial in the & and p variables of degree < 2, then Z(t)

and D(t) obey the classical equations of motion.

Proof: Suppose His a polynomial in the  and p variables of degree < 2. Then

|

We also define the variance of f(t)

W(f) = (70 - 70) =720 - (F0) = 1P - el fol?

and the standard deviation Af = \/v(f(t)).

2.7 The General Uncertainty Principle

Theorem 5 Assume f,§ are Hermitean, and that a system has state-vector [1). Then AfAg > 5 ‘( [[f, ]\w>‘

Proof: Recall from linear algebra: (¢[t¢) > 0. Choose
)= (F=T1+iag-g1) ), ach

Then (¢|tp) > 0 gives:

Wl (f=T1—ialg-g1) (f - FL+ia@ - 71 >) ) >0
?) ) + (WG — F12I) + alwli(fg — af)w) > 0
a*(Ag)? +a<w\2[f,g]|w>20

WhLF. gl

= @|(f-
=  (Af)’+

(A

,M, Then we have

The above inequality is most stringent if we choose o = 3(Ag)?
L (whitf.a)’
(Af)" = BT >0

= Afag> |wlifdll| O

Alternative Proof of the Uncertainty Principle: The uncertainty principle is often stated

in the (equivalent) form:
2
I e
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which has the advantage that it allows the Cauchy-Schwartz inequality to be exploited, making
the proof appear somewhat simpler. We have

A —]

anP=(F-7) =Wl (F-7) 1) = F1F)

where |F) = (f — 7) |1} (note that since f is Hermitean, so is f — f. Similarly we have (Ag)2 =
(G|G). Now, apply the Cauchy-Schwartz inequality:

(Af)* (Ag)* = (FIF)(GIG) = |(flg)]*-

For any complex number z,

P = (Re(2))" + ((:))* = (Im(2)? = (5,0 - )

So, letting z = (F|G), we have

(A1) (30)* = (5UFIG) - (GIF))

Now,
(FIG) = Wl (f=T) G- 9) 10)

=l (fg-fg—af +79) 1¥)

= (WIfld) = (@I fl) — Fwlgl) + Fatule)

=f9—fg—-a9f+fg

=fg—fg.
Similarly, o

(GIF) =gf - fg.
Therefore - _
(FIG) = (G|F) = fg—gf =[], 4]

So we have

or7 002z (4F3) O

An important special case of the general uncertainty principle is position-momentum uncertainty:

Az(t)Ap(t) > g vt.

2.8 The Time-Energy Uncertainty Relation
There is a time-energy uncertainty relation
Amﬁzg

which is not a consequence of the general uncertainty principle above. What does the time-energy uncertainty
mean? Time ¢ is not an observable quantity like f, so how do we define At? Any uncertain entity f takes
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time for a change to be noticeable. A change is not noticeable until it is about one standard deviation Af.
So the time it takes is At where At ‘T = Af. That is

_Af@)
- ‘@ :

dt

The time-energy uncertainty relation is then derived as follows. For Hermitean f we have

 H] (1)
(WI[f, H]l¥) (2)

|
=5

d -
Ef<>

Af()AH

MI —
>
=

Sub (1) into (2):

m)
Y]

NSNS NS NS N

AFAT > 3 |(wlin Fol)

d .

Swliow)

70
dt

Af(t)
At

m)
Y

— AtA

2.9 “Pictures” of Quantum Mechanics

We have used a matrix representation. Matrix multiplication is noncommutative, but it is associative.
Depending on how we “bracket” the fundamental equations, we can get different “pictures”. The pictures
differ in which different quantities are considered constant, and which are time-dependent.

2.10 The Heisenberg Picture

What we have considered so far is the Heisenberg Picture. In this picture, the state vector ) is constant, and

the observables f(t) are time-dependent. We solve ihd f(t) = [f(t), H)] + at directly and then calculate
measurement-expectations f(t) = (1| f(¢)[4).

2.11 The Schrodinger Picture

This is the picture most often used in practise for quantum mechanics. Recall the time-evolution operator
method: f(t) = UT(t)f(to)U(t). Substituting this into the equation for measurement-expectations gives

F#&) = @UTOf )T @) (+).

Recall that in this expression f(fo) is a constant matrix, and |¢)) is the (constant) initial state vector. In the
Schrédinger picture we define time-dependent “Schrodinger” states:

[¥s(1)) = U6)]¥)
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which, when substituted in (x) gives:

F(&) = (s (1)1 £ (t0) s (1))

An important point is that when 22 = 0, we can actually calculate |1)4(t)) without first having to solve for

U(t). This is done by solving the Schrodinger Equation:

od 3
Zhaw}g(t» = Hs(t)sz(t»

where

Hy(t) = UMHHU(¢)
is called known as the Schridinger Hamiltonian.

This formulation is especially simple for time-independent Hamiltonians.
Claim 1 If Z& =0 then H,(t) = H(t).
Proof: Recall that when 22 — 0, the time-evolution operator has the simple form

ot

and so

Derivation of the Schriodinger equation: Recall the definition of the time-evolution op-
erator ih-LU(t) = U(t)H(t). From the definition of the Schrédinger Hamiltonian we have

H(t) = UT(t)H,(t)U 1 (t). Putting these together we get

ih—U(t) = UU(t)H, (U (t)
= ih%ﬁ(t) = Hy(t)U(t) (since U is unitary)
= SO0 = BOUOW)

e (0) = B0 O

2.12 The Dirac Picture

This is the picture most often used in practise for quantum field theory. It is sometimes called the “interaction
picture”. Assume Hg(t) is given, and suppose we can write

H,(t) = Ho(t) + H'(t)

such that Ho(t) is an easily solvable Hamiltonian (for example in quantum computing, Hy(t) is that of a
quantum gate). By assumption, we can easily find the solution to ih-£Uy(t) = Ho(t)Up(t). So assume we
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have Up(t) explicitly. Now, define U’(t) := U] (t)U(t) so we have U(t) = Uy(t)U’(t). Then the equation for
measurement-expectations can be written as

T = @O (0 f )T 0))
= WO (OO0 F e >0<> 0" ()l
= (@it ®) (T ft)to®) (0 lw))

So, we define operators in the Dirac picture as:

Fot) = U5 (t)f(to)Uo (1)
and states in the Dirac picture as: R
[¥p(t)) =U'()[¢)
So, since Us (t) is assumed easy, if we can calculate the Dirac states |¢p(¢)) then we get expectation values
f(t). The dynamics of |¢)p(t)) is captured in the following theorem.

Theorem 6 |1 (t)) is the solution to

v (0) = Hp (D))

with initial condition |Yp(to)) = |v), where

Proof:
d s
zh%U(t) = H,()U(t)
L d o JANTEN S ) T
ih= (UOU ) - (HO T H/) 00
ihUaU" + ihU,U" = ihUUSUU" + H'U,U"
ihO U = B U0
- UlA' O 0"
i = B0
d -~ ~
m%mw = HpU'|¢)

i wn (1) = Hp(Olp() D

Once we have [1p(t)),

Ft) = WM fo®)vp(t).

3 Representation Theory

We need to represent & and p as mathematical objects which are Hermitean and which obey the CCRs. Any
mathematical object can be viewed as a map. In Quantum Mechanics the physically successful representa-
tions are as maps which are linear. We will look at linear maps in complex and unitary vector spaces in
finite dimensions, and then consider what changes for these in infinite dimensions. A number of basic results
in linear algebra are recalled; many without proof.
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3.1 Dual Spaces

In the following, assume H is a vector space over the complex numbers C, and vectors in this space are
written in the Dirac notation (e.g. |1)).

Definition 3 Assume H is given. H* is defined as the set of linear maps H — C. We denote elements of
H* by (x|, where the action of (x| is:

(x| : ) = (xlp) e C

Theorem 7 H*, (with the natural definitions for “+” and scalar multiplication) is a complex vector space,
called the dual vector space of H.
Definition 4 Assume H, H* possess a map “t”, called “Hermitean conjugation”:

T:H—H" and the inverse operation t:H* — H

so that
W)=, @T=w) V) eH.

Assume that “t”7 obeys the axioms:

(1) + o)t = (4] + (ol
(AN = A" (]

(plv) = (Ylo)

($ly) =0 iff ) = 0

Then we say that H is a unitary vector space.

3.2 Bases
Assume that H is finite-dimensional.

Definition 5 A set of vectors {|bm)}mec € H, where  is some index set, is called an orthonormal basis
(bplbm) =6nm Ym,n e

and every |¢) € H can be written as

) = tnlba) , n€C.
neg
U = (bp|) are called the “coefficients of 1) in basis {|b,)}”.
Theorem 8 The set {(b,|} is an O.N. basis for H* called the dual basis.

Definition 6 The map ¢ : ( — C which maps n — 1, is called the wavefunction of |¢) in the basis {|by)}.

Remark: The same [¢) has a different wavefunction for each choice of O.N. basis.
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Theorem 9 Choose an O.N. basis {by}ncc. Then every linear map T can be written as

T= 3" Tomlbn)(bm|

n,me(

The action of 7" is then

T:l9) = > Tumlbn)bm|t)  where T = (bn|T|by).

The identity operator can be written as

1= b (bal ().

ne¢
(%) is called the resolution of the identity in the basis {|bn)}nec-

Consider (¢|f|1) and insert the resolution of the identity twice:

n,m

= Z w:fn,m¢m

n,m

Theorem 10 All matriz representations of the CCRs give the same physics, because they are all obtained
in this way, by choosing an O.N. basis.

3.3 1 for Matrix Representations

(¥|Alyp) means (| A (|v)).

Definition 7 At : H — H is defined as that linear map which, if acting first on the left, will give the same
scalar as A acting on the right:

(419) 1) = (eldly . Viodle) e

That is, A R
(WA @)* = (plAlp) (%)

If we insert the identity in (x), we obtain Ainn = fl:m (i.e. T is matrix Hermitean conjugation).

3.4 Eigenvectors in Quantum Mechanics: State Collapse

Theorem 11 If )} is an eigenvector of a Hermitean f (an observable) with eigenvalue X, at time t the
measurement of f will surely yield \.
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Suppose f|¢) = Aj¢)). Then

T =@lflv)
= (YY)
= M|¥)
=\
and
v(f) = (I f2 ) — (] fv)?
=22 - )2
=0 0O

The following theorem guarantees that the measurement results will be real numbers.
Theorem 12 If f = fT and if fl¢) = AjY) then X € R.

Suppose we have a system initially in state |1) and at time ¢ we perform measurements of several observables
FOF@ 0 F) at once. Recall the uncertainty principle

. | SN
AFOAFD =S|I, fOTl) | ()
To allow for reproducibility of measurements we want Af#) AfU) =0 Vi,j. So we need the RHS of (x)

to be 0. This means we can only measure simultaneously commuting sets of observables. The maximum
number is s = 3r, (where r is the number of particles).

Suppose we prepare a state of r particles at time ¢(, and perform 3r measurements at time ¢; obtaining the
results v; € R for f (1), We know (from experiment) that an immediate repeat measurement of the f (@) at
time to > t1 will yield the same numbers v;. Starting from time ¢, the system has the initial state vector
|p) which is a joint eigenvector to all f® with eigenvalues v;. The old state [1) collapses to become the new
state |p) at time ;. We record this fundamental observation here.

Physical Assumption 5 If a measurement of an observable f of a quantum system in state |¢) is made

at time t, then the result of the measurement is some eigenvalue A of f, and the new state immediately after
the measurement is the eigenvector of f corresponding to eigenvalue A.

3.5 The Spectral Theorem

The eigenvectors of a Hermitean operator corresponding to different eigenvalues are mutually orthogonal.

Theorem 13 If f = fT and if flyn) = A1) and flipe) = Aa|ta), and My # Ao, then (1]ths) = 0.

Hermitean f may possess many non-orthogonal eigenvectors with the same eigenvalue. The set of eigenvectors
with a common eigenvalue A is called the “eigenspace” of f corresponding to eigenvalue \.

Theorem 14 The eigenvalues of a Hermitean operator are all real.
Theorem 15 Any eigenspace is a unitary vector space.

Definition 8 FEigenvalues with eigenspaces larger than 1 are called “degenerate” eigenvalues.
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Definition 9 We denote the set of eigenvectors of a Hermitean f by {|fn)}neq, G C Z.

Theorem 16 (Spectral Theorem) For every Hermitean f there is at least one O.N. basis consisting of
eigenvectors of f.

f is diagonal in it’s own eigenbasis: f = o fulfu) (fnl-

Theorem 17 (Extended Spectral Theorem) For every mazimal set of commuting Hermitean operators
FO @ F0) there is a unique O.N. basis of H consisting of joint eigenvectors of all fO) ..., f().

We denote a joint eigenvector by |k1, ko, ... k3;) so, f(i)|k1, ko, ... ksr) = kilk1, ko, ... k3.

We have a resolution of the identity:

L= Y knyokng, o Eng, )Ry g, - iy,

3.6 What’s Different in co-Dimensions

Much of the theory developed above does not apply for infinite dimensional vector spaces. In finite-
dimensional spaces, we found that any Hermitean operator has a complete (and orthonormal) set of eigen-
vectors in the space (spectral theorem). This is no longer true in infinite-dimensional spaces. We will develop
a different version of the spectral theorem for infinite-dimensional spaces, in which Hermitean operators will
have a complete set of eigenvectors which do not lie in the space, but which can be “orthonormalised” in a
different sense.

The reason we investigate infinite-dimensional representations is that they arise naturally when we consider
the eigenvectors of the position and momentum operators. We would like to use these sets of eigenvectors as
orthonormal bases for our Hilbert space but, as we shall see later, this can only be done in the continuous
sense. Also, while matrix equations are very intuitive, they are usually harder to solve than the differential
equations that arise in continuous bases.

3.6.1 Vectors [¢) in co-dimensions

For oco-dimensional spaces, 220:1 Yrh, £ oo in general. So far we considered the unitary vector space of
vectors which contain only a finite number of nonzero components. This is called a pre-Hilbert space, denoted

H,.

Definition 10 The completion H of a pre-Hilbert space H,, (obtained by adding the limit of every Cauchy
sequence in Hy) is called o Hilbert Space

Note: In practise we take H to be the set of all vectors [¢0) such that > >0 k1), < cc.

Definition 11 A Hilbert space H is called separable if it has a countable O.N. basis {|bn)}nec (so that
every [v) has a unique expansion |) = Y - Vnlbn)). Such a basis is called a Hilbert basis for H.

Note: We know that the CCRs in QM can be represented using a separable Hilbert Space.

Theorem 18 All separable Hilbert Spaces are isomorphic.
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Theorem 19 There exist families of non-normalisable vectors {|bx)}rec parameterized by a parameter ¢
which takes values in a continuous subset ¢ of R (e.g. ¢ = (1,4]), which form an “improper O.N. basis for
H”, so that (ba]bx) = (A = X)), and every |¢) € H can be expanded uniquely as: |¢) = f( WY(A)|ba)dA.

We have a resolution of the identity with respect to an improper O.N. basis: 1 = fC |bx) (baldA. A word

about what the above theorem is saying. That the {|bx)}xe¢ is an improper basis means that the vectors
|bx) are not in the Hilbert space H. That these vectors are non-normalisable means that ) (bx|by)(bn|bx)
is divergent. These vectors can, however, be “continuously orthonormalised” so that (bx|bx/) = d(A — X').

Remark: We can also define a mized O.N. basis {|b) tnec U {]|ba) }rec so that

1= 37 [ba) bl + /C INICN

neG

3.6.2 Operators A[¢) in co-dimensions

Even if ) 51, < 00, it does not necessarily follow that ¢ = Aly) € H (because oo ¥k, might be
divergent).

Definition 12 The mazimal domain D 4 for an operator Ais :
Dj={l¢) € H: Al) € H}

A is called unbounded if D;GH

A is called bounded if D; =H

3.6.3 Scalars (p|A[¢) in co-dimensions
In general:
N M N M
lim i R A lim i nA
m Lm0 QLA A lim lim Y Y T on At

N—o00 M—o0
n=1m=1 n=1m=1

So we must be careful with our definition of Af.

Definition 13 Assume A and D ; are given. Then At and D 3, are defined so that
(0l4) [ = (@ldlv)  VIv) € Dy

Note: 1In general D; # D ;.

3.6.4 Spectral Theorem in co-dimensions

Definition 14 U is called unitary if Ut = U1,

Definition 15 f is called self-adjoint iff: fT,
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Definition 16 f is called symmetric if (1| f|i)) € R V[§) € Dys.

Theorem 20 If 'H is finite dimensional, then

f symmetric = <= f self-adjoint.

Theorem 21 If H is oco-dimensional, then

f self-adjoint —— f symmetric.

Note: There is no universally agreed definition for ¢ f is Hermitean”.

Note: In linear algebra, “A symmetric” is defined as An’m = Am’n, rather than as Anm = /Al;‘nn

Note: For f to be an observable, we need f is symmetric. Most observables are also self-adjoint.

Theorem 22 (Spectral Theorem) Assume f = fT. Then f possess a (possibly improper) O.N. basis
{[fa)tnec U{lf2)Irec, (¢ CR) such that

Flfn) = falfa)  and  flfa) = AIA)

and

(falfm) =0nm (AIf)=0A=X) . (falfr) =0.
Then, we can expand every |[¢) € H uniquely as:

) = 3 Gulfu) + /< Bl fr)dA

neG

and

Un = {fuld) a={fAl).

Definition 17 The set of proper and improper eigenvalues off is called the spectrum of f, denoted spec(f).

We can write f in it’s own eigenbasis as

F= 3 falfa) (il +/Cfx<fx|fx>d)\

neG

and, of course, we have the resolution of the identity

1= S U)ol + / (alfa)dA

neG ¢

3.7 Sharpness of Measurement Predictions

If f is self-adjoint then by the spectral theorem we can prepare a system so that Af = 0 by choosing an
eigenstate (state vector which is an eigenvector of f).

For measurement-expectations to be real, however, only requires that f be symmetric. There are important
examples of observables which are symmetric, but not self-adjoint (e.g. in quantum optics). For such

observables, spec(f) may be the empty set. In this case Af would be bounded below by some positive
number A fin-
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3.8 The Position and Momentum Eigenbases

We know from Physical Assumption 5 that if we measure observable & and obtain the result x, the state
“collapses” to an eigenstate |x) of &, with corresponding eigenvalue z. A similar thing happens for measure-
ments of p. If we make the reasonable assumption that a measurement of & or p can yield any real number,
this suggests that every real number is an eigenvalue of Z and of p. So

spec() =R |,  spec(p) =R.

Since = and p are self-adjoint, the spectral theorem applies. It turns out that the eigenvectors of & are
improper, and nondegenerate. So there is an improper orthonormal position basis

{|z)}zer
so that
(z|lzy=6(x" —2z) , 1= /R |z)(x|dx.

Similarly, there is an improper orthonormal momentum basis

{Ip) }per-

We can expand every vector in the Hilbert Space H in the position basis:

0) = / b)),

where ¥ (z) = (z|¢) is called the wavefunction of |1) in the position basis, or simply the position wavefunction

of 1)

We have |¢)) € H <= (|¢)) < oo which, in the position basis, means

/ (o) () de = / 5 (@)(e)de < oo,
R R

It is natural to ask how the operator & acts on a position wavefunction 1 (x). This is easy to calculate,
starting with the action of & on the state vector :

TlY) = |o)
= (z|2|y) = (z|p)
insert the identity on the LHS:

— / (xlla’y 2/ [} dz’ = (z]¢)

:>/:r5x—m Y(z")dz' = ¢(z)
= a(z) = p(x).

So we find that & acts on position wavefunctions () as multiplication by x. What about p? The compu-
tation is analogous, but relies on the following result (the proof of which we omit as it involves distribution
theory):

Theorem 23

R L d
(x|plz’) = zhﬁé(x —a').
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Note that, even though operators can not be described in an improper basis by a discrete matrix, we will

refer, for example, to (x|p|a’) as a matriz element of the p operator in the position basis.

Now,

plv) = lp)
= (z]plv) = (z]p)

— [ Gl ')’ = Galy)

R

= / iﬁilé(:v — 2 )p(x)dx' = p(x)
R dx

integration by parts gives
L d

—> i (x) = p(a).

So p acts on position wavefunctions ¢ (x) as —ih%.

3.9 Hermite and Fourier Transforms

We claimed that every real number x is an eigenvalue of Z, and that the corresponding eigenvectors satisfy
(x|z"y = 6(x —2’). We can prove that this is the case, by solving &|x) = x|z) explicitly in a convenient basis.

Choose the orthonormal basis {|n)}nen in which

N

5

and
0 —vV1 0 0
Vi =v2 o0
lefmy = | © V20V
0 0 V3 0

We have (n|Z|n) = z(n|z). Inserting the identity,

S (nlé|m) (mlz) = a(nla).

m

If we define u,(x) = (n|z) (so that |x) = > u,(zr)[n)), this becomes

>l m)um (z) = zun ().

m

This is a matrix equation, from which we can read-off equations:
LV 1ug(z) = zuy ()
LV 1wy (2) + LV 2us(z) = zus(x)

Lvn — 2up_o(x) + Lvn — lu, () = zup—1(x) YneN
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which leads to the recursion relation

up(z) =

z‘ﬁ%ifi(wun4¢<x>—-LwG?TTQUanCED~

This recursion relation can be solved (we will not do it) to give

U () = ﬁ2n11(n_ 1)!65”{"1 <é>

where

dz"

So, we have solved explicitly for the eigenvectors |z) = > _yun(z)[n). It can be shown that
(x]x')y = Z (x|n)(n|z") Zu 2') =6(x —2').
neN neN

A natural question is how we convert the wavefunctions between the position basis and the discrete bases;
i.e. how do we convert between ¢ (z) and 1,7 The answer is found (not surprisingly) by the “trick” of
inserting the identity, together with the fact that w,(x) is self-adjoint:

D(x) = (@) =D (aln)(nly) = Zun Un o (4)

n

and conversely
v = (nle) = [ (nle)aloddo = [ wn(iips (B)

(A) and (B) are known as the Hermite Transforms.

Consider the momentum eigenbasis {|p)}per.
Definition 18 ¢ (p) = (p|t)) is known as the momentum wavefunction of |¢)).
So we have that |¢) € H iff fR @*(p)z/;(p)dp < 00, and every state [¢) can be written as
= / Ip){(pldp = / D (p)lp)dp
R R
We have the following result

Theorem 24
1 e

(zlp) = NoET

A natural question is how to convert between position wavefunctions and momentum wavefunctions. Again,
the answer is calculated by inserting the identity, and using the theorem stated above.

&@=mw=/mmﬂwm— f7

and conversely

wmzmwakmpw /J_ﬁ%@@ (D)

(C) and (D) are known as the Fourier Transform and the Inverse Fourier Transform respectively.
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3.10 Equivalence of Representations: the Stone/Von-Neumann Theorem

Any representation we choose must satisfy the CCRs; i.e. must satisfy [#, p] = ih. So, for all 1)) we need

Tpl) — prl) = ihlp) (%),
In the discrete basis {|n)}, we have #, p as matrices L(a’ +a) and 22 (al —a) acting on vectors (11,%2,...)T
and it is an easy matrix calculation to verify that (x) is satisfied. In the position basis {|z)} we verify (x),

by first noting that

)

() = (olaple) — (@lpalv) = ihfaly)  (+)
=@

for any position eigenvector |z). So it suffices to check (xx). We use the (now familiar) “trick” of inserting
the identity a total of 4 times on LHS of (%), and use integration by parts.

(el£pl)— (P2 )
/R / (xlla’) (&' |ple”) (" o) d' dp’ — / / (lpla’) o ]2 (o) dec' dp
d

. (m%) V() + ihdii:m/z(x)

=z (—ih%) Y(z) +ip(z) + o <ihdi> ()

— i)
— ih{al)

So (x%) is indeed satisfied.

We can do computations like the above (much) more quickly, without going through the tedious exercise of
inserting the identity everywhere, by using the rule

Z acts on position wavefunctions 1 (x) as multiplication by z, and

P acts on position wavefunctions ¥ (zx) as —ih%

which we proved in Section 3.8.

The representations of [#, p] = i in terms of matrices, and in terms of operators &, p, differ only in a choice of
basis for the Hilbert space H. The following theorem says that this is so for all representations of [£, p] = ih.

Theorem 25 (Stone/von-Neumann) FEvery representation of &,p obeying [%,p] = ih as linear maps is o0b-
tainable as a choice of basis in the Hilbert space H that we have been working with.

As another example, consider the representations of & and p in the momentum basis {|p)}. Here

2 maps momentum wavefunctions zZ(p) to ihd% ~(p), and

P maps momentum wavefunctions 1/;(p) to pz[;(p).
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4 Quantum Mechanics in the Schrodinger Picture, and the Posi-
tion Basis

4.1 The Schrodinger Equation Revisited

We are now in a position to view the Schrodinger equation as it is often seen in introductory quantum
mechanics books as the more general equation expressed in a particular choice of basis for H. We will

assume that our Hamiltonians are time-independent (i.e. % = 0) so that the H, = H, and we will denote

the Hamiltonians simply by H.

Recall the Schrédinger equation
L d -
(1) = (),

~ ~2
For a free particle, with H = I this reads

L d Jia
ih g |0(0) = 2 ().

To write this in the position basis, replace |1(t)) with the position wavefunction ¢ (z,t), and use the rule for
how Z and p acts on position wavefunctions:

L0 h? 0?
Zﬁafﬁ(l"t) = —%@w(%t)
Do the same thing for general Hamiltonian

~D
g=r 4 V (&, p)

2m

where V' is a potential energy function. The Schrodinger equation for this Hamiltonian in the position basis
is

L0 ho 92 0
zhaib(x,t) = (—%@ +V (x, —zh%)> P(,t).

This is the form of quantum mechanics as Schrodinger found it (Heisenberg found quantum mechanics in
the discrete {|n)} basis.

4.2 Predicting Observables

Recall that in the Schrodinger picture, measurement-expectations obey
F(t) = W) f (@) ().
Using the rule for how Z and p acts on position wavefunctions, we write this in the position basis as
_ . o 0
f@&) = [ v (x,t)f | &, —th— ) ¥(x,t)dz.
R 317

Recall that physical states |¢)) € H must obey (¢|¢)) = 1. In the position basis, this is expressed as
Jp ¥* (@) (x)de = 1.
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Example: Consider a particle in 3 dimensions. We have [Z;, p;| = ihd; j, i,j € {1,2,3}. We can
use 1, Z2, T3 as a maximal set of commuting observables and find a joint eigenbasis {|z1, z2, z3)}.
According to the continuous normalization, we have

(w1, o, x3|2h, 25, 25) = §(x1 — 2))0(22 — 25)6(23 — 24)

1= // |x1, 2, x3) (X1, T2, 3|dr1dTodrs.

Any |9) can be expanded as
|/(/)> = /// |$1,{L'27£C3><{E17$2,.’E3|w>d$1d$2d$3

_ ///w(:lega?g)dmldmgdx?,

where ¥ (z12923) is the position wavefunction. Suppose the particle is an electron orbiting a

nucleus. Then the Hamiltonian is )
A D «
a=2 2
2m )22

In the Schrédinger picture, and the position basis, ih%h/}(t)) = H(t)) reads

h2 02 92 o2 a
(a—x% ot a?%) - @) vt ()

To obtain the dynamics of the electron, we would need to solve () with some initial condition
P(x,tg) = Yo(x). Once ¥(xr1,x2,5,t) is found, we can predict all expectation values! For
example

ih%i/}(x,t) = (—

2m

.0
pa(t) = /// w*(a:l,xg,xg,t)(—zh)a—xzw(xl,xg,xg,t)dxldxgdarg.

4.3 The Green Function Method for solving Schrodinger Equations

The “Green Method” prevents us from having to solve the Schrédinger equation separately for each initial
condition ¥(z,ty) = ¥o(x). The method is:

1. Solve

0 P f 0 ,
zhEG(x,x ) =H (33, —zh£> G(z,2't)

with initial condition
G(x, 2 tg) = 6(x — ).

2. For any initial condition 1o (z) we obtain
vlant) = [ Glaa' ()
R

The function G(z,2’,t) is called the Green function, and sometimes called the propagator.
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Proof that Green’s Method Works:

ih%/}RG(%x’,t)wo(x’)dx’
/f{ (J:, —ih{%) G(z, 2’ t)o(z")d’
H (337 —Zh%) /G(x,xl,t)¢0(x/)d$/

H <$ —z’h%) U(x,t) v

Also,
U(x,tg) = /G(x,x’,to)wo(x')dx' =o(z) VvV

6(z—a’)

Now, recall the time-evolution operator U (t). The problem of solving the Schrodinger equation

d N
ih s o (6)) = HI(0)
[¥(to)) = [t0)
becomes that of solving
L od o P
zhEU(t) Az HU(t)

Ulto) = 1

Then we have |¢(t)) = U(t)|1o). Inserting everywhere the identity resolved in the position basis we would
obtain )
Gla,a',t) = (@|U(t)]z").

So we see that G(z,2/,t) are the matrix elements of the time-evolution operator U (t) in the position basis.

It is natural to wonder what is the physical meaning of the propagator. This question takes us to a formulation
of quantum mechanics due to Feynman.

5 Feynman’s Formulation of Quantum Mechanics

For convenience, choose the Schrodinger picture. At time t; suppose the initial state of a quantum system

is [1). Then [¥(t)) = U(t)[)).

Suppose at time ¢y we use a measurement device which outputs 1 if the system is found in state |¢) and
outputs 0 otherwise. This device is described by a self-adjoint operator ]5@) having eigenvalues 0 and 1. The
eigenspace corresponding to eigenvalue 1 is spanned by |¢). All vectors |v) which are orthogonal to |¢) are
in the eigenspace corresponding to eigenvalue 0. The above observations tell us that 13“0) is the projector

By = o) (pl.

Decompose the final state as |1(tf)) = a|p) + |v) such that |v) L|p). We need

(elv) = 0= (elo(tr)) — a(ﬁlf_)/

— a= (p(ty) :
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So
[(ty)) = ale) +[v)

Now consider the wavefunction collapse resulting from the measurement. If the measurement outputs 1,
then the new state immediately after ¢; is |p). If the measurement outputs 0, the state immediately after
ty is k|v), where k is chosen so the state is normalised.

Now consider an ensemble of identically prepared systems, and running the experiment separately on each
system. In general, we will have many 0’s and many 1’s in the collection of measurement outputs. The mean
of these numbers is equal to the probability of finding |¢) at time ¢ on one particular run of the experiment.
But, from the theory we have developed, we know this probability can be calculated as

Pigy(t) = (W(t0)| Py [ (t7)) = (Wt 5) [0} (el (t5)) = [l ()]

The quantity (p|y(ts)) is called a probability amplitude or transition amplitude. If |p) is improper (for
example |p) = |z)), then (z|p(t)) = ¢(x,t) is a probability density function and, for example,

/ (e, 0)2 da = / (e ), t)da

a

= prob. of finding the particle in the interval (z,,xp).

Recall the time-evolution operator U(t). We have (p|t(t)) = (@|U(t)[¥)), and so we see that the probability
amplitudes are just the “matrix elements” of the time-evolution operator.

Recall the Green function G(z,2’,t) = (z|U(t)|2’). In light of the above, we see that G(zx,’,t) is the
probability amplitude for a particle to propagate from z’ to z.

Now, Feynman compared classical probability theory to the laws of probability dictated by quantum mechan-
ics. Consider a classical system going from state A to state B with some probability P(A — B). Suppose
there are n possible paths from A to B, each passing through one of the n states Cq,...C),. Then the
(classical) law of conditional probability dictates that

P(A— B) =Y P(A— C)P(Ci — B).
=1

Now consider an isolated, unobserved quantum system with Hamiltonian H , starting in state |ip) at time
to and evolving until time ¢;. Consider the probability amplitude (| (ts)) for the state being |p) at time
ty. Suppose that to get to state |¢), the system would have to evolve through one of n states |b1),. .., |b,)
at time t; (to < t; < ts). Then we have

(l(ts)) = (|U(ty, to) o) = (w|U(ts, t1)U(t1, to)|tb0)
~—— —_———

tp—tg . ty—ty .
e 1ih H e ih H

=Y (@l (tg, 1) [bi) (bl U (£1, 25) [t0).-

i=1

ty ‘—tﬁ i
e ih

Note that <<p|U(tf7t1)\bi> is the probability amplitude for the evolution |b;) — |¢) and (b;|U(ts, t1)|sho) is
the probability amplitude for the evolution |¢)g) — |b;). Feynman observed that in quantum mechanics,
the law of conditional probabilities applies to probability amplitudes, instead of simple probabilities. This is
significant, because probability amplitudes can have phase factors (so in particular, the could be negative!).
This is why quantum interference can happen.



Advanced Quantum Mechanics 28

6 Density Matrices and Mixed States

6.1 Density Matrices and Mixed States

So far, we have assumed that a state [¢)) of a system can be known with certainty. Then our expectation
values are f = (4| f]1). A more realistic situation is that we do not know the state of the system with
certainty, but rather know that it is in one of the states |b1), ..., |b,) with respective probabilities p1, ..., py.
Without loss of generality we can assume that the |b;) form an O.N. basis (otherwise we could extend the
set by adding new states with corresponding probabilities equal to zero), and that > .., p; = 1 (we know
for certain the system is in one of the n possible states). In this case, the expectation values are computed
through

n
F=> pibil fIbs).
i=1
Note that the uncertainty in f now has two sources:

a) our uncertainty about which state the system is in, and

b) the quantum-mechanical uncertainty.

Definition 19 We say that a system is in a Mixed State if more than one p; is nonzero. Otherwise the
system is said to be in a Pure State.

Definition 20
p="Y_ pilbi)bil

is called the Density Matrix for the system.

Definition 21 The trace of an operator A is

TT(A) = Z<Cn|14lcn>

n

where {|c,)} is any O.N. basis for the space of A.

Note: p is self-adjoint, and Tr(p) = 1 (proof follows from cyclicity of trace).
Now, the equation f = 3, p;(b;| f|b:) becomes

F="Tr(pf).
Suppose we choose a basis {|¢,)}. Then f = Tr(jf) becomes
? = Z<Cn|/3|cm><cm|f|cn>'

n,m
We can define coefficient matrices for p and f in the {|¢,,)} basis:
pAn,m - <cn‘ﬁ‘cm> 3 fn,m - <cn‘f|cm>

Then 7 = Zn,m ﬁn,m]ﬁn,m'

Remarks:
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We can choose, equivalently, improper or mixed O.N. bases in all of the above.

For a mixed state, p is non-diagonal in almost all bases. But, because p is self-adjoint, there always
exists a basis in which it is diagonal (the eigenbasis). Only then does p have the form

p= an|bn><bn|~

In general bases we have

p= Z Pr,mlcn)(em].

We know that the time-evolution of Schrédinger states |¢(t)) obeys the Schrodinger equation. This leads us
to a result for the time-evolution of density matrices.

Theorem 26 The time-evolution of the density matriz for a closed system follows the von-Neumann eqution:

Ld R
ih=p(t) = = [p(t),H] :
Proof: Write
p(to) = Palbn)(bal-
From the Schrodinger equation:
L d B
i lba(8)) = H (1) b (1)

and thus p
—ih— (ba(t)] = (bu(t)|H(t)  (since H'(t) = H(t)).

At time ¢, each |b,, (o)) has evolved to |b,(t)). So p(tg) has evolved to
) = palba() (b (%).

Apply ih% to both sides of (x):

g0 = i 3l (1)

L d
= S (10 (a0 00

n

=S (it (om0 ) a0+ 8l o) ( 500001 ) )

=S (it (10a(0) 0] = 1) (-5 0,001) )
=3 b (A ba(O] = b (6)) B () (1))
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Note: We also have p(t) = U(t)pU (t)1.

Review: changing bases for operators

How do we convert p from the {|c,)} basis to a {|d,)} basis? We use the old trick of inserting
the identity resolved in the new basis:

p= Z ﬁn,m|dr><dr|cn><cm|d8><d8‘

n,m,r,s
= Z ﬁr,s |dr) <d8|
T8

where ﬁr’s = Zn,m ﬁn,m<dr|cn><cm‘d3>'

6.2 Example: quantum system S in a heat bath

Suppose a quantum system S is in a heat bath at temperature T. According to statistical physics, the
probability for a subsystem of a heat bath to be at energy E is proportional to

_E
~ e kT
where k = 1.38 - 10723J/Kelvin is the Boltzman Constant.

Assume the system S has nondegenerate energy eigenvalues {E, }. Then

Ep

prob(E,) = Ne™ *T

where N = ﬁ In other words, the probability is

m
m € kT

Pn = prob(Ep) = ———5—.
Choose the energy eigenbasis of the system. Then the density matrix is
ﬁ = an|En><En|~

Now, since {E,,} are the eigenvalues of the Hamitonian H, we have that H is diagonal in the basis of its
eigenvectors |Fy,), and so

1 E7YL
e FT = Ze— | By W B
m
Using this observation, and the definition of Trace, we get

Tr(e_’%) = Z(En|€_%|En>
=SB e B (B En)

n m
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Therefore we can write the density matrix for the system in the Heat bath as

6.3 Decoherence and Mixed States

Consider a quantum system S, in a pure state, evolving in time. If S. is completely isolated from it’s
environment, then the time-evolution is unitary, and the state of S, remains pure. If S, is allowed to interact
with the environment at time t;, then the interaction carries away some information about the state of
S¢, and in this sense constitutes a measurement of S. (whether or not this interaction was intended as a
controlled measurement). Thus the state of S, collapses as a result of the interaction. Since we don’t learn
the outcome of this measurement, we don’t know which pure state S. is in, and so S. is left in a mixed
state p% at time t;. Suppose we know that the interaction with the environment was, in particular, with
a subsystem of the environment which we will label S;,. Imagine S, is a photon which comes in from the
environment, bounces off S., and returns to the environment, carrying with it some information about the
state of S.. Let us investigate how to compute the mixed state pe

Assume S, has N particles. Assume S, is in a pure state |(%)) at time tyo. We have ac( ),py), where

1€{1,2,3}, j €{1,2,...,N}. The system S. has some Hamiltonian H(5e) (:%EJ), Agj)). Choose a maximal

set of 3N commuting observables (self-adjoint operators), say QW ...,0BN) Find a joint eigenbasis of all
the Q) spanning Hs,:
{lal) a2, alS)),

(] ) are the eigenvalues of Q(j ). The pure state of S. can be expanded in this basis as

W)y = S ) a6, EN))

ni,..,;N3N

where gy,

and any observable f can be expanded as

¢ 3N
f = Z fnl, SM3N,TL - 7”3N|qn1 ’qng ""’q’ELgN)><q7(111)7q7(’L22)7'"7q’l(’33]1\\/[v)|

Expectation values are calculated as

F= (@) flpt5)
Z wnl, ndeTbl, N3N ,n3N¢1(’f?.)..,n3N'

Now, consider the subsystem of the environment, S,. Assume S, has M particles. We have operators
A(j) ( ) where i € {1,2,3}, € {N+1,N+2,...,N + M}, and a Hamiltonian H(5) (i:l(»]),f)l(.])) Choose

a maximal set of 3M observables, say RM RN R(?’M ). Obtain a joint orthonormal eigenbasis of all R®:
{lrml’ m2 ’T’ST?;\J/{I)>}

Assume Sy is in a pure state |p(%*)) € Hg,, and expand as

|(p(Sb)> = Z “Ps;?f) ’m3M|T£r1137 7(727’7153;\17»

mi,...,,M3M

Now, consider the total system Si;,; = S. U S,. We have operators x(j),pl(-j), where ¢ € {1,2,3},j €
{1,...,N+ M}. Now all j € {1,...,N + M} can occur in the Hamiltonian F (tot) (:%gj)7p§j)>. Choose a
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maximal set of 3(N + M) commuting self-adjoint operators Q(l) L, QBN R .. RBM), Again, obtain
a joint orthonormal eigenbasis
{lay,, - - ,q,(gx),rgﬂ,. .. ,TT(SSMM))}.

A general pure state of S;.; is

|¢(t0t) (t)> — Z ntlo,t L MaM (t)‘q',gll)a e ’TST?P{\J{I)>'

----- m3m

Now, given that at time tg, S, and S, are respectively in pure states |’(/J(SC)> and |cp(sb)>, then the state of
Stot has the components

¢7(f10f?.,m3M (tO) = 1#55? N3N (pgslb,) M3
Consider the expectation of an observable f of S, at time ty:
T = @D (t0) | f1 9 (k)
*(tot) n o
Z wn(l, mdM( O)fﬁ17-";ﬁ3N7nl;‘-~7n3Nw7(lt17t.?.,M3M (to)

Tl M3

*(Se) )
Z wnh ,n3an1 ----- N3N ML, 'n‘SN/(/) ..... N3N

*(Sb) S
Z (pmhb M3 M ('07(7Lf»)--~7m3M

MY ey msnr,
LR LY V4

= ()| flop(Se)y,

The evolution according to the joint Hamiltonian H (") will destroy the product form of the state |1)(*9)(t))
and we obtain, at time tq, the general components @[J,(fﬁt_?‘,mSM (t1).

Definition 22 If 1" is a product, it is called an unentangled, or separable state. Otherwise, it is called
an entangled state.

Consider an observable f of S.. We have

fﬁlv---aﬁLSM»nlau-mSAl - fﬁh---;ﬁaNanh---nsN 57711,77116771277@ e 57713M7m31v1'

action on H. action on Hy
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At time t1, the expectation value of the observable f of S, is:

= @ w)lf ()

(tot)

pure-state calculation in S

o *(tot) - ~ ~ B (tot)
- § : ¢ﬁ1,..,,ﬁz3M (tl)fnl ,,,,, N3N M1y, N3N (§m1,m1 e 6m3M,m3M)wn1,...,m3M (tl)
ML yee UGN L5 e s M3 M »
Rl yeeeyTog N S TRL 5ee TR0 0f
— E £ B ~(c)
= fnl,~~~>Tl3N,nl,~~~’n3an1,...,n3N,ﬁ1,4..,ﬁ3N(tl)
N1, mN
g yeesfig N
mixed-state calculation in S(¢)
where ﬁ(c) . () = wf(“’”~ (t )w(tot) (1)
N1, M3N ., Tig N WL E : AL, 3N, me,..man L P 0, nsy ,ma,. . mear V1)

mi,...,mM3M

7 Compositions of Several Systems

Consider two quantum systems S; and S5. Observables of S; contain only & and p from S; acting on
|y € Hy. Observables of Sy contain only & and p from Ss acting on |¢)) € Hs. Observables of the total
system Sy, = S7 U Sy may contain all Z,p of S; and Ss, acting on H;.¢. For example

(1) 2 (201 2
Fytot) — (p(l)) + (p(Q)) +V (@(1) — 5@(2)) .

le mao
We call V' the interaction term.

A natural question is “how do we construct H;o¢ from H; and Hs”? A partial answer is that we often have
Hiot = H1 ® Ha, where “®” denotes the tensor product, defined as follows.

Definition 23 As a set, define Hi ® Ha = span{|¢) @ |¢) : 1) € Hy,|@) € Ha} with the additional laws:

1)
(1) + |1h2)) ® @) = [¥1) @ @) + |th2) @ |¢p)
) @ (Ie1) +102)) = [¥) @ 1) + [¥) @ |2)

1)
(Al)) @ o) = A[Y) @ |¢)) = [¢) ® (Alg))

and with conjugation map 1:
P ) ®@le) — @l ® (gl € (H1 ©Ha)'

(extended linearly for linear combinations).

It can be shown that H; ® Ho is a Hilbert space. In particular, if {|b,)}, and {|cm)}m are orthonormal
bases of H; and Hy respectively, then {|b,) ® |by) }n.m is an orthonormal basis of Hq ® Ha.

Assume f is polynomial in the Z and p of S;. Define f to act on 1) ® |¢) € H1 @ Hy as

Felwy®le) — () ® o).
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We write f on the acting on the whole system as f ® 1.
Note: All the CCRs hold on H; ® Hs, and ® respects Hermiteicity.

By the Stone/Von-Neumann uniqueness theorem, Hio: € H; ® Hao. Thus every [¢)) € H(tor) can be written
as

) = Pnmlbn) ® lom).

Definition 24 [) € Hyot is called unentangled (or separable) if it can be written as

V) = |p1) ® |@2)

for lp1) € Hy, |p2) € Ha. Otherwise, |1) is called entangled.

Assume |1)) = |¢1) @ |pa) (ie. |1b) is unentangled). Now let f be any observable on the first subsystem.
Consider the expectation of this observable on the whole system; i.e. the expectation of f ® 1.

F=@I(fe)ly)
= ({¢1] @ (p2))(f @ 1) (lp1) @ |02))
= (1] fle1) (w2l 2)
= (1l flep1)-

But (p1] f |p1) is exactly the expectation we would predict for f acting on system S; alone. Since this is true
for any observable f, system S; is in the pure state |p1). We have shown the following:

Fact 1 |¢)) € Hiot is unentangled iff the states of subsystems S1 and Sa considered on their own are pure
states.

If, however, |¢) is entangled, then the state of system S is a mixed state whose density operator is obtained
by the partial trace (i.e. we trace over the basis of the second system; sometimes referred to as tracing-out
the second system). For the remainder of this section, we show that the partial trace operation gives the
right result.

Let {|b,)} be an orthonormal basis of subsystem Sp, and let {|¢,,)} be an orthonormal basis of subsystem
Sa. Suppose |1) is a general (possibly entangled) pure state on the total system:

W) = Pnmlbn) ® lem).

The subsystem S is in a mixed state with density operator p() iff

F=Tr(fp) ()
for arbitrary Hermitean observables f of S1.

We compute the left-hand side (LHS) and right-hand side (RHS) of (*) separately, and make sure they are
equal.

RHS:
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By definition of the reduced density operator and partial trace, we have

P = Treg) (1) (¥])

= TT(Q) Z "/}n,mws,m(‘bn> & |Cm>)(<bﬁ| ® <Cm|)

n,m,n,m

=3 nmth ba) (bl erlem) (emler)

ronm,
L,

=575 Gt b0} (0 0rm G

= > Unmt®hlbn) (bil-

n,n,m

Now, (fp™)) is an operator on system S; alone, so by definition of Trace we have

Tr(fpM) =3 "0ul | £ Y Gnmth ) (bal | ba)

u n,n,m

= " Gt (bul F1bn) (balbu)

u,m,n,n

= Y Unm¥hm bul Fbn) 7

u,m,n,n

= > Ut balfb) ()

m,n,n

LHS:
To compute the LHS, we consider f acting on the total system as f ® 1.

f=@I(fe)l)
= Z 03 Unm (03] @ (ea])(f @ 1)([bn) ® |em))

EL

= Z ¢Z,m¢n,m(<bﬁ|®<cﬁ1‘)(|br>®|CS>)(<br|®<CS|)(f®1)(|bu>®|cv>)(<bu|®<cv|)(‘bn>®|cm>)

n,m,n,m,r,s,u,v

Z 7/’;L,m7/’n,m(<bﬁ|br><br|f|bu><bu|bn>) ® ({cmles)(eslen)(eulem))

n,m,n,m,r,s,u,v

Z w%7mwn,m(5ﬁ,r<b7'|f|bu>6u,n) ' (67?1,855,7161;,771)

n,m,n,m,r,s,u,v

= Y Ukl o). (@)

m,n,n

Since (1) = (2), we have LHS=RHS, and so we are done. We have thus shown the following.

Fact 2 For a general pure state |¢) of the joint system Sy U Sa, the subsystem Sy considered alone is in a
(generally mized) state whose density operator is

P = Tray (|0} (1))
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8 Identical Particles

8.1 Bosons and Fermions

Consider a system S. Choose a maximum set of commuting observables QY. ..., Q™) with joint orthonormal
eigenbasis {\qﬁ,ll), . .,qy(L]]V\,))}. We will write @ and {|g,)} for short. Every [¢)) € H can be written |¢)) =

Consider having two identical such systems. The total system is in a state |[¢)) € H!**. We know from the
previous section that H!°* C H ® H. Suppose we measure Q for both systems and obtain measurement
outcomes q,, ¢mn. If we assume that the systems are truly indistinguishable, there is no way of knowing
which system was measured in ¢,, and which was measured in ¢,,. All that we can know is that one system
was measured in each of the two. In fact, it is not even meaningful to ask “which system was measured in
gn?”, since the measurement was of a joint observable of the overall system. Now consider the state of the
system immediately after the collapse. Any state of the form

V) = algn) ® |gm) + Blgm) @ |gn)

would yield ¢, ¢ on an immediate remeasurement. So the question is, which one of these states does
nature select? Does nature confine itself to a fixed choice of o and 37 Before answering the question, note
that an overall phase €'Y never matters, since

J=Wle ™ fe ) = (¢|flv)
and so |[¢) and e'¥|¢)) describe the same physical state. Now, to answer the question above, it turns out that
nature always makes one of two choices for the relative phase:
I a=p (“Bosonic case”)

(I) a=-p (“Fermionic case”).
So, two identical “Bosons” collapse into

) = %(\qm ® [gm) + [gm) ® [2a))

and two identical “Fermions” collapse into
1
|¢> = ﬁ(|qn> ® |Qm> - |qm> ® |Qn>)'

Bosons are particles which have integer values of angular momentum, and Fermions are particles which have
half-integer values of angular momentum.

Consider carefully the situation for Fermions. Suppose the outcome of the measurement was ¢,,q,. Then
the two identical Fermions will collapse into the state

) = %uqm & [an) — lan) @ ga)) = 0.

But 0 is not a physical state, and so we see that identical Fermions can never be in the same state.

Note: 1If space had fewer than 3 dimensions, then any relative phase would be possible. Such a space would
give rise to Anyons (e.g. quantum Hall effect).

Remark: H treats identical subsystems identically. One can show that symmetry (or anti-symmetry) is
preserved under time-evolution. This means that H:,x € H ® H for bosons and fermions.
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8.2 Special Behaviour of Bosonic and Fermionic Systems

Consider a system S. Suppose a maximum set of commuting observables is H,(. Assume the eigenvalues of
H form a discrete set {E,,}, and that ) has only two eigenvalues {q1,g2}. The joint orthonormal eigenbasis
is {|En, ¢i) fnen,ie{1,2}- Now, suppose we put the system into a heat bath. The density matrix of the system
is

1 0
neN,ie{1,2}

En

Suppose at time t; we measure H and Q The probability for finding state |F,, g1) is proportional to e™ &7,

and the probability for finding state |E,, g2) is also proportional to e~ % . In both cases, the probability is
independent of i. If we find E,,, then the probability of finding ¢; is %

Now, suppose we have two similar systems in the heat bath together, and at time ¢; measure H and Q
of each system. Suppose we obtain energy FE,, for both systems (i.e. the measurement result is E,, E,).
Consider the probability for finding the g; to be different, verses the probability for finding the g; the same.
There are three cases.

Case 1: Distinguishable systems
We are sure to find one of 4 states:

|En7q1> ® ‘En7ql> ) |En7q1> & ‘Enaq2>
|En>q2> &® ‘En7q1> ) |En7q2> ® ‘En7q2>

All four states have equal energy 2F,,, and so are equally probable. So,

the probability to find the ¢; equal is %, and
the probability to find the ¢; unequal is %

Case 2: Identical Bosons
We are sure to find one of 3 states:

|En7q1> &® ‘En7q1> ) |En7q2> & ‘Enaq2>
€
V2

All three states have equal energy, and so are equally probable. So,

(|En7Q1> ® |EnaQQ> + |En7q2> & |En7Q1>)

the probability to find the ¢; equal is %, and
the probability to find the ¢; unequal is %

The probability for Bosons to be in the same state is enhanced. This is what makes Bose-Einstien
condensates (many Bosons in the same state) possible.

Case 3: Identical Fermions
We are sure to find the state:

1
_2 (|En7q1> ® |Enaq2> - |En,(I2> ® |En7q1>)

So,

the probability to find the g; equal is 0, and
the probability to find the ¢; unequal is 1.

This is known as the Pauli exclusion principle.
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9 Angular Momentum

9.1 Generators of Symmetries

We begin by examining how which the (linear) momentum operator p can be thought to “generate” trans-
lations of the position operator. It can be shown that

e T e T =2+b VbeR
by expanding the second exponential in terms of a power series, and then commuting & through p".

. . ~ ibp
Now, consider the action of Z on the state e™®

|
9]
-
—
=>
+
(=
. =
S

and so we see that e'%" |x) is an eigenvector of &, with eigenvalue (& + b). This eigenvector is |z + b). So we
have found o
ibp
e |x)y = |z +0b).
In the position basis,

ib(—ih)

" dr(x) = Y(a +b)
— P y(z) = Pz +b)

= Yx+b) =1+ <%w(aj)) b+ % (dd—; (:E)) b> 4+ ...  (Taylor series).

Consider #2. We have

ibp . _ibp ibp , _ibp ibps _ ibp
eh e h =eh xe hehTe R

= (2 +b)?,

and by induction, e % 2"~ % = (Z+b)".

Since [p, p] = 0, we clearly have e ﬁe_ihﬁ = p. Putting these observations together, for any Hamiltonian

which is polynomial in Z,p we have e%ﬁ(ﬁc,ﬁ)e’% = ﬁ(:ﬁ +b,p).

For a Hamiltonian H to be translation invariant means

H(i,p) = H(@+b,p) VbeR.

We have

We also know from above that

Putting these together we get
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which implies that [p, H ] = 0. By Heisenberg’s equation, this implies that ]5 = 0. So for a Hamiltonian
H which is translation invariant, the generator p of the translation “symmetry” is conserved. This is an
instance of a fact sometimes referred to as the “Noether Theorem”; namely, that every symmetry of the
Hamiltonian implies a conserved quantity.

Now, keeping in mind this picture of operators behaving as generators of symmetries, we move onto angular
momentum.

9.2 Orbital Angular Momentum

Definition 25 Orbital angular momentum in three dimensions is defined as follows.
Ly =2op3s —@3p2 Lo =a&3pr —a1ps  , Lz = 21p2 — Tap1.
The following notation is often used.

3
L; = E € kT Pk
g k=1

where €123 = 1, and € is totally antisymmetric (so, for example, €913 = —1).
In the same sense that p generates translations of Z, the orbital angular momentum L generates rotations
of x and p. Consider, for example, a rotation L = (0,0, L3) by angle 6 about the z-axis:

T1 — T1c080 + Tosinf

Lo — —Z18in 6 + Ty cos

I3 — I3
x — Rx.
One can show that
i0Ls ~ _i6Lg R .
ek T1e” kR = I1c080 + Tosinf
i0Ls ~ _i0Lg . .
ek Ige k= —I1sinf + Tgcosl
i0Ls ~ _i0Lg R
e h xae h =3
and therefore X
0L
e 7 [x) = |Rx)

where R is the rotation matrix.
Similarly,
e ™ |p) = |Rp).

Note that this gives the “Taylor expansion analogue”:

8

ea(im%*“’zm)w(X) = Y(fix).

For H to be rotation invariant means

H(x,p) = H(Rx, Rp).
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This means X
i0L3

i0Lg ~
e m H(z,ple” 7 = H(&,p)

which gives [ﬁg, H ] =0, and so L3 = 0. So for a Hamiltonian which is rotation invariant, the generator Ls
of the rotation symmetry is conserved.

For example, consider the Hamiltonian for the Hydrogen atom

A~ p «

This Hamiltonian is rotation invariant, because x2, p* are scalars for rotations.

9.3 Angular Momentum and Identical Particles

Recall that when we studied identical particles we said that bosons are particles having integer values for
angular momentum, and fermions are particles having half-integer values for angular momentum. Suppose
we have a boson, and assume that Lz|i) = hm|¢), where m € Z. Then

27 2mihm

27 rotated ) is e = [y =e"n ) = o).

On the other hand, suppose we have a fermion, and assume that ﬁg\i/}) = h'3|1p), where m € Z. Then

2wihm
2R

¥) =™ Y) = —[y).

This is the underlying reason why “swapping” two bosons leaves the state unchanged, but “swapping” two
fermions introduces a (-1) factor.

2milg
27 rotated |[¢) ise & |P) =e

9.4 Orbital Angular Momentum v.s. Spin

We proceed by finding joint eigenvectors of f;Q and Lg:
Ls|A p,7) = phlA, p, 7) ()
L r) = M2 ) (1)

where 7 are the eigenvalues with respect to the rest of a maximal set of commuting observables. For simplicity,
we will omit writing 7.

One approach to solving (I) and (II) is to convert to a position representation: 1 ,(x) = (x|, u). From
Definition 25, and the rule for converting to the position basis, (I) and (IT) become

<—ih$1% + ’LFLSCQ%) ’(/JA,M(X) = Nh'(/})\,u(x) (II)

YA = AP ,(x) (D)

i=1
These two partial differential equations can be solved, giving the result of “spherical harmonics”:
1/J/\,u (x) = Y;j\ (x)
with eigenvalues
A=j(G+1) whereje€{0,1,2,...}
n= {_]’_.]+1770717277]}
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Notice that we only get integer solutions. This means we have only found solutions corresponding to bosons.
But we know that fermions exist, so our solution must have missed something. The calculation didn’t miss
any solutions... what went wrong was that we used the definition for orbital angular momentum when we
set up (I'), (II'). That is, we assumed

3
Li= )" cijrdjpr-
Jk=1
It turns out that if we only make the weaker assumption that

3
(Li, L] = ih Y _eijnle (%)
k=1

the resulting I}z can be shown to generate of rotations of the vector (ﬁl, Lo, fjg). For example, the rotation
generated by Lj is:

0Ly » _ i0Llg

e 7 Lie~ 7 =Licosf+ Lysinf

i0L3 A i6Lg

e ® Lge” " = —L;sinf + Lycos@
0Ly » _ i0Lg ~
e n Lge” " h = 1Lgj

So, to be general, we should study (2) directly.

Note: A direct consequence of (k) is

A2 A
[L L} —0
Remark: (2) is a special case of a Lie Algebra.
Definition 26
[A/_i_ == [Azl + Z[A12
Lo =1, —iLy

L has the following easily verifiable properties.

[Ly,L_]=2hLs

[Ls,L+] = +hLy

[L,L+]=0 (1)

L =L by 4 Ly+his (IT)

Now assume |\, u1) is a joint eigenvector of L? and Ls.
Proposition 1 ﬁi|A,u> is proportional to |\, u £ 1).

Check:

L (Lelhp) = Le@ A w) by ()
— (Lt A, 1)
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La(Lah ) = (LeLy £ hLa) A p) = Blp £ 1) (LalA ) O

Now, we calculate ||Li|), p)|| (we set i =1 for simplicity).
Ll i) ? = Ol L, )
92 “ “
=A—p?Fp  (because (A, plA, p) = 1)

In general, we have
n—1

IED)" AP =TT = (e £v)* F (u £ ).
v=0

Clearly, this may become negative for sufficiently large choices of n. Since any vector’s norm is zero or

positive, the assumption that |A, u) is a joint eigenvector of ﬂQ and L3 can be true only if A and p are such
that the product on the RHS never becomes negative. So A and p must be such that for some n, a factor
in the product equals zero. In this way, the application of high powers on Ly on |\, 1) merely leads to the
zero vector in the Hilbert space for sufficiently large n.

This means that the possible eigenvalues A,  are such that there exist nonnegative integers v, v’ so that
A—(p+v)?=(u+v)=0 (1)
A=(p=v)P+(p-2v)=0 (2)
Subtracting the two equations yields:
—2,uu—2/u/—y2+1/2—2u—y+yl:O

ie.
2w+ v + Dp+ v+ +1)(v—1)=0.
Clearly, for this equation to hold, the eigenvalues of p must be of the form

vV —v
2

and substituting into (2), the eigenvalues A must be of the form

A:”/+V(”l+y+1>.

’LL:

2 2

l/JrV
2

We allowed v and v/ to be any two nonnegative integers. Define j = . We can now read-off that joint

~2 ~
eigenvectors |\, ) of L and L3 have these (and only these) eigenvalues:

3.0
=,2,=,...
327 }

1
A=4(+1) whereje{O,i,l,T

and
:U‘G{fja"'a*LO?]-a“-,j}'

Note: Since j is almost the root of A, j is essentially the length of the angular momentum vector. The
condition for i says that the component of the angular momentum vector in the z-direction cannot be longer
than the total length of the angular momentum vector.

Note: It would seem we have only shown that all eigenvalues other than the above mentioned ones are
excluded. In fact, we have shown their (mathematical) existence by explicitly constructing their eigenvectors
from one vector |\, u) by the repeated application of L.

Note: An often used notation for the state |\, p) is |7, p).
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9.5 Spin

We studied the commutation relation
3
[Lis L] =ik eijnle (%)
k=1

and found that for any L satisfying this the eigenvalues corresponding to

~ 2
L7\ ) = B2AI\, )
L3|A, ) = hp|A, )

are
. . 1
A=j(j+1) where 36{0,5,1,
/’L:{_.]v_J+1a7

We saw that an example of L which obeys (x) is the orbital angular momentum:

3
# (orb) A
L; :E €i,j,kLjDk-
J,k=1

We saw that the possible eigenvalues for orbital angular momentum are only those corresponding to j €
{0,1,2,...}. But we found that for operators obeying (x) the mathematics admits the possibility of those
having half-integer eigenvalues. We cannot interpret these as orbital angular momentum vectors. But the
presence of Fermions in the universe indicates that half-integer angular momentum values do occur in nature.
Recall we saw that for Fermions, a 27-rotation introduced a relative phase factor of (—1). We know that
all our usual spatial degrees of freedom are unaffected by such a 27-rotation. So it must be that an angular
momentum operator having half-integer eigenvalues acts on something other than the Hilbert space that we
have dealt with so far. This means we have a new degree of freedom for these operators. We call this the
spin degree of freedom. We introduce a new, finite-dimensional, Hilbert space for the spin, which we attach
to our familiar Hilbert space using a tensor product.

Physical Assumption 6 Quantum mechanical systems have a physically meaningful spin degree of freedom
which is independent of the position/momentum degrees of freedom. The corresponding spin operators L(spin)
act on a (new) finite dimensional Hilbert space. A description of a system including it’s position/momentum
and spin degrees of freedom is given by a unit vector in H = Ho ® Hs, where Hg is the Hilbert space on
which the & and p act, and Hs is the new finite-dimensional Hilbert space on which the spin operators act.

Note: The total angular momentum operator for a system is the sum of all its angular momentum operators;
i.e. the sum of all the orbital angular momentum operators of its constituent particles and all the spin
operators of its constituent particles.

The following is also known from physical experiment.
Physical Assumption 7 FEach species of particle has a fized eigenvalue A for its spin.
Some examples:

e~ ', quarks, neutrinos: A = $(1+ 1) (ie. j=3) “spinor”

Higg’s particles: A =0 (i.e. 5 =0) “scalar”
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Photons, gluons, w, z: A=1(14+1) (i.e. j=1) “vector”

Since the spin operators act nontrivially only on these new degrees of freedom, they commute with all the
operators which act on the old Hilbert space (such as the &, p, orbital angular momenta, etc). This means

~ ] 2 ~ -
we can add, for example, L(Spm) , LésP ™) to a maximal set of commuting observables. So a new maximal

set of observables for a single particle could be
QW,Q®, Q. L frn

where the Q) are commuting observables which only contain the Z and p (i.e. which do not contain any of
the spin operators S;). The operators Z ® 1,p® 1 and 1 ® S; act on the full Hilbert space H = Ho @ Hs. In
general, the Hamiltonian may contain any polynomial (or other functions) of these operators.

Note that, in practise, it is often a good approximation to assume that the Hamiltonian is of the form
H = Hy+ H,, where Hy contains only the Z and p operators, and where H contains only the spin operators

S;. (This is completely analogous to the case of two noninteracting subsystems of a larger system, the total
Hamiltonian being the sum of the subsystems’ Hamiltonians without any additional interaction Hamiltonian.)
We say in this case that the spin degree of freedom is decoupled from the usual motion degrees of freedom
of the particle.

9.6 Working With Spin-i Particles
For a spin—% particle, we choose as a maximal set of commuting observables

A A A o (spin)? o spin
QW,Q®, Q" 1L  Lgrm)

with joint eigenbasis
{|Qn1 k) q’n2 b q’n3 ) )\7 M>}
where A = (1 + 3).

Sometimes these basis vectors are denoted

{|qn17qn27 Qn3> ® |)\,,LL>}

Since A is fixed, |X, p) is often shortened to |u) (i.e. |3),| — 3) or also as | 1), 1)).

~ (spin

Let § = L7, Consider the matrix elements of S; in the {|3),| — 3)}-basis. We have

Ssl3) = 3hl3)
Sa| — 3y =—1n—1).
%0 A in 0
<H|S3|Hl> = (20 —lh> .
27
Also, using the operators ﬁi we saw in Section 9.4 we can derive

a1on__ (0 %ﬁ
<M|51|M>—(%h 0 /
ot

0

N _ip

N A 2

<,U|S2|U>_(%h 0 ) -
ot



Advanced Quantum Mechanics 45

These are sometimes more compactly represented as

- h

where o; are the Pauli Matrices:

Suppose we choose %1, 22, 23,53 as a maximal set of commuting observables, with joint orthonormal basis
{l21, B2, &3, 1) }-

We have a resolution of the identity:

1= ) /Ix7u><x,uld3x
1 1, /R
ne{3,—3}
and then
W= X[ vueobkd’x  where 4,(x) = (xoli)

11
re{3z,—35}

Scalar products are

Matrix elements of operators are

. h(l1 O
ro N 853 AN
<X7M|S3‘X7/1‘>_5 (X X)2 (0 _1)HM/

s

A 1 0
<X, ,l,L|fEi|XI, MI> — .’EZ(SS(X o X/)(SH,H/ = $i53(X — X/) (O 1) »

)

0 10
Al g\ — s 3 —
<X7M|pj|x ) b > - Zhaxj(s (X X ) (0 1) gt :

Wavefunctions now become 2-vectors

v1(x)
v (%)
and the scalar product in terms of these is
* * ’(/Jl (X) 3
o) = [ (w6067, 0) oh60) P
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The action of operators Q[)) = |¢) in the X, S5 basis becomes

Q=2;: (x, pl;|) = x; <(1) ?) 1;/%1(2)
2
Q=1p;: (x, ulp;l¥) = —ma%j (é (1)) ?Zb%;:)
=5 =1 (0 ) () b
2
9.7 Example: ¢~ in a B-Field
) . (orb)

H="_+4+4L"" -B+pS:B.

7
2m
Suppose, for example, the B-field is constant in the z-direction. Then Schrédinger’s equation in the X,
S3-basis is:

d Y1) Rt 9t 2\ (1
dt \ ¥ 1(x) 2m \ 9237 ' 0x3 ' 92%) \0
2

T A W B R AN At
+ (—zhxza—xg +zhl‘36—x2> b (0 1) +ﬁb§ (1 O)) 111721 (%)
2

10 Time-Independent Perturbation Theory

—= O

As we have just seen in the example above, Hamiltonians can very quickly become extremely complicated,
even for relatively simple physical systems. The can give rise to systems of many coupled differential
equations, which could be very difficult to solve, in general. Perturbation theory is a systematic procedure
for obtaining approximate solutions by building on the known exact solutions to a simplified case.

Suppose the Hamiltonian H can be split into the sum of an easy-to-diagonalise term ﬁo, and the remaining
term is eW, where € is some small number:

I‘AI = ﬁo + EW
and Ho|[EDY = EQIE®Y where E©,|E©) are assumed easy to calculate.

The goal is to find {E,,|E,)} which solve H|E,,) = E,|E,). (1)

Assume spec(ﬁo) is nondegenerate and discrete (the more general case is just more complicated). Treat
H(e) as a function of e. Then the eigenvalues E,,(¢) and the eigenvectors |E, ()) are functions of € as well.
Taylor expand E,, and |E,) in powers of €, and use the fact that ¢ is small to ignore terms of e-degree > 3
in the expansion:

E,=ED +cEY +2EP + 0(e®) (2)
|Bn) = [ED) +el BV) + 2| EP) + O(e*)  (3)
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(assume the |E7(f)> have been normalised). Substituting (2) and (3) into (1) we get:

(Fo+ W) (IEQ) + €| ED) + 2 EQ) + O())

= (BY +2ED + 2B + O(%)) (IBD) + 2| ED) + 22 D) + O .

Now compare terms of like powers of € in the above equation to get:

eO-terms: fAIo|E7(LO)> = Er(LO)|Er(LO)> (4)
e'-terms: VAV|E7(10)> + E[0|E’r(7.1)> = E7(10)|E7(L1)> + E7(ll)|E£LO)> (5)

e2terms: W|ES) + Ho|ER) = B |EX) + EVIEWY + EVIEPY  (6).

Equation (4) was assumed to be easy to solve. Now, multiply equation (5) on the left by <E7(10)|:
(ELWIED) + (B |H|EY) = EP(ED|EY) + ELV(EPED).
This gives the first-order correction to the eigenvalues:
B = (BEDW|ED).

Since, by assumption, the eigenvectors |E£LO)> are explicitly known in some basis, the calculation of the first-
order correction in practise boils down to some explicit integral or sum (depending on whether one uses a
discrete or continuous basis).

To compute the first-order correction |E7(11)> to the eigenstate, multiply equation (5) on the left by <E7(3) |:
(EQW|ED) + EV(ED|ED) = EO(ED|ED) + EW(ED | EQ).

Therefore: ©) 1 ()

(B, [W]En")

O )y —

(7)

Note that substituting the expansion equation (3) into (E,|E,) =1 yields:
(EDIED) =0 (8).

Equation (8) immediately gives:
BD) = > 1B B IEY)
n’'#n

which together with equation (7) gives the first order correction to the eigenstate:

O 1471 g0
1y _ Z (B, WIER")  (0)
|En >* - ET(LO) —E((,)) |En’ >

Finally, we calculate the second-order correction Er(f) to the energy eigenvalues. Multiply equation (6) on
the left by (E\|:

(EQWIED) + (EQ|Hol EP) = B (EVIED) + EO(ED|ED) + EO(ED|ED).



Advanced Quantum Mechanics 48

Therefore
ER = (EDWIEY)
0 0 0 0
_y (B WIES) (B W EL)

5O _ 5O
n n’

n’'#n

and the second-order energy eigenvalue correction is thus

0 0
pe— v I (B |WIE, )P
(E(o 0)) ’
/;én

11 Bell’s Theorem

A profound question is the following: why is quantum mechanics probabilistic?. In the 1930’s, Einstein,
Podolsky and Rosen (EPR) put forth a hypothesis to answer this question. They believed that the proba-
bilistic nature of quantum mechanics was due to incompleteness in the theory. The hypothesis was that the
state of any system is completely specified by giving

{l¥), A1, An}

where A1,..., Ay are some “hidden variables” not accounted for in quantum mechanics. The hypothesis
says that every outcome of any observable () is exactly predictable when the hidden variables are taken into
account. That is, the outcome g of measurement of @ is given by

= f(¥), A).

Since quantum mechanics doesn’t account for the hidden variables, we have to assign a probability distribu-
tion to the possible values of A:

w(A1,...,An) = probability the hidden variables take values Aq,..., An.

//\w(/\)d)\ =1.

Then along came John Bell. He proved that if EPR were right about the hidden variables, then there is
an experimentally testable inequality for correlations. In fact, the experiments have been done extensively
since Bell’s time, and they have confirmed beyond any doubt that EPR were wrong, and there are no such
hidden variables.

These probabilities must sum to 1:

Consider two spin—% particles in a maximally entangled state:

) =—(Del)-1heln)

1

V2
where | 1) is an eigenvector to S’él) with eigenvalue —1—% and | |) is an eigenvector to 5’152) with eigenvalue —%.
Now consider two observables:

~ 2. N
le) = ﬁs(l) a Ql() = ( )

2 4
ﬁ -b where a, b are unit vectors.

The following are easy consequences:
1) A
= (YR [¥) =0
2
( "= @loP ) =0
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An ensemble of n runs of measurements of these observables on (identical copies of) the given state would

some sequence of pairs of 1s and -1’s: {(q§1), qf)) (qél)7 qéQ)), . (qg), qn )} Consider the expectation for

the correlation between the outcomes of the two observables.

Definition 27
K(a,b) = lim — anl)qff .

N—oco N

The quantum mechanical prediction for K is

K(a,b) = (0|0 QL 4).
For example, suppose we choose
a=(0,0,1)" | b= (sin(h),0,cos(d))".

Then

K(a,b) = o (]S (sin(0)5 + cos(0)55) o)

= —cos(0)
In general, we have
K(a,b)=—-a-b.
This is experimentally confirmed.
Remark: Choose for example a = b. Then K(a,b) = —1, and so spins are always found anti-aligned in

this state if a = b is chosen.
If EPR were correct, then all outcomes would be predetermined:
¢V =A@, , ¢? =B(b)N).

The X have a distribution w(A) with [, w(A)d\ = 1. So EPR’s claim demands

K(a,b) = //\w()\)A(a, A)B(b, A)dA.

We know already that K(a,a) = —1. So A(a,\) = —B(a, \) (except possibly for aset of A of measure 0).
So this means

K(a,b) = — A w(\)A(a, \)A(b, N,

Now, we eliminate w(\) from the equation:

K(a,b) — K(a,c) = — | w(\)A(a,\) (A(b,\) — A(c, \)) dA

w(N)A(a, N A(b, \) (1 — A(b, \)A(c, \)) dA.

S—

Since A(b,\)? =1, and A(a,\)A(b,\) < 1, we get

|K(a,b) — K(a,c)| < /}\w(A) (1 —=A(b,N\)A(c,\))dA
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which leads immediately to Bell’s Inequality:
|K(avb) - K(aa C)' <1- K(bac)

Now, recall the experimentally confirmed quantum mechanical prediction that K(a,b) = —a-b, and choose
¢ = 7. Then, in Bell’s inequality we would have

1
— - <0
77l
which is clearly false. So Bell’s inequality is violated, proving that EPR must have been wrong. This results
is called Bell’s Theorem.

‘ 1

Remark: Bell’'s Theorem does not imply information transmission faster than the speed of light, since each
subsystem of |¢) is in a maximally mixed state whose density matrix is the identity, and the identity is the
same in any basis.

12 The Adiabatic Theorem

12.1 Dynamical Phase for a Time-Independent Hamiltonian

First consider a system with a time-independent Hamiltonian H. Suppose at time ty we have a system
initially in an eigenstate |Ey(to)) = |En) of H, with energy eigenvalue E,. Now, let U(t) be the time-
evolution operator for the system. Since H is time-independent, we have

O(t) = emn0f 1 U(ty) = 1.
Consider the eigenstate |Ey,(to)) time-evolved for time t.

|Ea(t) = U] Ea(to))
= e = B, (1))

r=1

e’} 1 _ T
=30 G g,

o (@t —to) .,
=§_:1(h . DN
- Z el _riO)En) |En(to))
— o F(t—to)En En(to))

So we see that for any time ¢ the system remains in the eigenstate |E,,) = |E,(to)) of H, only picking-up a
phase factor of —+(t — to)E,. As we know, such phase factors cancel out in the calculation of measurement
expectations, and so are physically insignificant. A phase like this, which arises as a result of the time-
evolution of the system, is called a dynamical phase.
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12.2 The Adiabatic Theorem

Consider now the case of a time-dependent Hamiltonian H (t), with eigenvectors |E,,) and eigenvalues {E,, }.
We make the following assumptions about H(t).

Assumptions

1) H{(t) is varying continuously over the time interval of interest, so E1 (t), Ex(t), ... and |E1 (1)), |Ea(t)), . ..
are continuous functions of t.

2) The spectrum of fI(t) is discrete and nondegenerate throughout the time 0 < ¢ < 1 during which the
Hamiltonian is changing.

Consider assumption (2). If there is a degeneracy at time ¢., then at that time there is an ambiguity in the
ordering of the eigenvalues. It is to resolve such ambiguities that we must use the time-ordering symbol T
in the time-evolution operator for a general time-dependent Hamiltonian. If, however, we assume that the
spectrum remains nondegenerate for all ¢; < ¢ < t;, we have a well-defined ordering of the eigenvalues and
we can write the time-evolution operator as

U(t) = el 7O gy =1
without the need for the time-ordering symbol.

Note that assumption (2) may be relaxed, but it makes the analysis quite a bit more complicated, as we
need something like the time-ordering symbol to allow us to “track” the eigenstates.

Now, suppose His changing in compliance with above assumptions over the time interval At = ty — ¢;.
Suppose the initial Hamiltonian is H(t;) = H; and the final Hamiltonian is H(t;) = H;. Note that A(t)
provides a measure of how fast the Hamiltonian varies between t; and t;. We introduce a new time variable
s, which is offset to s = 0 at time ¢;, and scaled by At:

ottt
TOAt

S

Note the time-correspondences

s=0&<t=t; and

s=1&t=1t;.

Notice that the assumptions (1) and (2) above for the functions of ¢ imply the equivalent conditions for
the corresponding functions of s. There is one more technical assumption that must be made; that is, we
assume that the first and second derivatives of | E;(s))(E;(s)| with respect to s are well-defined and piecewise
continuous throughout the time 0 < s < 1. We express H (s) and U (s) as functions of the new time variable
s. Our present goal is to determine the dependence of U(s) on At. To emphasize this, we write Ua(s). In
the limiting case At — 0 (i.e. a sudden change in the Hamiltonian) we have

lim Uas(1) = 1.
Alm, Uae®)
So the state of the system remains unchanged between ¢; and ¢y.

We are interested in very gradual changes in the Hamiltonian, which are called adiabatic changes. These
correspond to the limiting case At — co. We consider this case in more detail. Suppose the eigenvalues of H
are E1, Fs, ..., and the eigenvectors are |E), |Es),. ... These are, of course, all functions of ¢, and therefore
also of s.
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Theorem 27 (Adiabatic Theorem)
i Uni(8)|Ej(0)(E;(0)] = | Ej())(Ej(s)] lim Uni(s) j=0,1,2,...

At—o0

Now, to see consider what the theorem is saying, multiply on both sides by the j eigenstate of H; (namely

1B5(0))).
Jim O ()| B3 (0)) 25 (0)] B5(0) = 1B () (B (s)] Jim_Una(t)| B (0)
— lm Uas)|E;(0)) = Bi(s) lim Uae(s)B;(0))  (+)

The operator P;(t) = |E;(s))(E;(s)| is the projector onto the j* eigenspace of H(s). If we think in the
Scrédinger picture of the eigenstates as time-dependent Schrédinger states, then Uay(s)|E;(0)) is the j**
eigenstate of ﬁi time-evolved to time s. So what equation (x) is saying is that, in the limit, once we evolve
the eigenstate forward to time s, the projector onto the j eigenspace of H (s) acts on the new state as
the identity. This means that the new state is the j** cigenstate of H (s). So the adiabatic theorem can be
stated more informally as follows.

Theorem 28 (Adiabatic Theorem (restated)) For a slowly varying Hamiltonian, a system in the j"
eigenstate of the initial Hamiltonian follows to the j* eigenstate of the new Hamiltonian.

Loosely speaking, what is meant by “slowly varying Hamiltonian” is that the characteristic time for a no-
ticeable change in the Hamiltonian is very large compared to the characteristic time required for a transition
from one eigenstate to the next. The adiabatic theorem, when used in practice, is often called the adiabatic
approximation.

12.3 Example

Consider an electron e™ in a magnetic field B = (B,, B, B;). Considering only the spin degree of freedom,
the Hamiltonian is H = S - B, where S = (5}, Sy, 52) Suppose the magnetic field has constant magnitude
|IB| = By, and is precessing about the z-axis with a constant angular-momentum w, sweeping out a cone
with constant opening angle o.

The time-dependent magnetic field vector is
B(t) = By (sin(«) cos(wt), sin(a) sin(wt), cos(a)) .

So the Hamiltonian in the eigenbasis of S, (spin operator in the z-direction) is

(sin(av) cos(wt)o, + sin(a) sin(wt)oy, + cos(a)o) ,

where 0,0y, 0. are the Pauli matrices. As a matrix (in the S’Z—eigembasis)7 this is

A = hwi ( cosa e ™isina
2 \e®lsinae —cosa

where w; = —(3Bjy. Its normalised eigenvectors (still in the Sz—eigenbasis) are
cos (3) sin (9)
)y =1 .~ ‘2 t)) = SN2
) = (i) mer= (I

with corresponding eigenvalues
hw1 h/wl



Advanced Quantum Mechanics 53

respectively. These eigenvectors represent spin-up and spin-down along the instantaneous direction of B(t).
In the language we used in the discussion of the adiabatic theorem above, |1 (t)) is the j = 1°¢ eigenstate
of H(t), and |p)(t)) is the j = 2" eigenstate of H(t). Suppose the electron is initially in the first (spin-up)
eigenstate of H (to) (to simplify the expression, let to = 0):

)

0(0) = ( (E)

sin (
In general, there will be some positive probability that a transition occurs to the second eigenstate (spin-
down) of H(t), but in the adiabatic limit, we should find that this probability goes to zero.

The exact solution to the Schriodinger equation can be found to be

where A = \/w? + w} + 2ww; cos . In terms of the eigenvectors |11 (t)), |p) (t)), this is

e = Jeos () + 5 i ()| )
+i [%sinasin (%)} €75 |y (1))

So the probability of a transition to spin-down at any time ¢ (along the current direction of B(t)) is

Ol (@) = |5 sinasin (%)}

The adiabatic approximation is valid when the characteristic time for changes in the Hamiltonian is much
greater than the characteristic time for a state-transition from one eigenstate to another. The characteristic
time for changes in the Hamiltonian in the present example is 1/w (since the B-field is changing at the
rate w). The characteristic time for a phase change from spin-up to spin-down is 1/w;. So the adiabatic
approximation is valid when w < wy. In this case A =~ wy, and so

2

w At

Ol @) = | £ sinasin ()] 0
w1 2

and so we see that in the adiabatic limit the probability of a transition from spin-up to spin-down is 0. This

is exactly what the adiabatic theorem tells us; the system will remain in the first (spin-up) eigenstate |u1(¢))

as long as the Hamiltonian is changing adiabatically.

13 The Berry Phase

13.1 Geometric Phase

Suppose we are standing at the North Pole holding a (ideal, frictionless) pendulum. Say we set the pendulum
in motion at the north pole, so that it swings directly along the longitudinal line passing through Waterloo.
If we want to carry the pendulum without disturbing its natural oscillation, we must do so adiabatically. Any
quick or sudden movements could disturb the orientation of the plane in which the pendulum is swinging.
Now suppose we (adiabatically) carry the Pendulum down the longitudinal line, keeping the pendulum
swinging north-south. We walk through Waterloo, and keep heading south, until we reach the equator.
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Then, we walk (still adiabatically) along the equator, still keeping the pendulum swinging north-south. We
walk some distance along the equator (say 1000 km) and finally walk north again directly back to the north
pole. During the entire journey, the motion has been adiabatic, and the pendulum has been swinging north-
south. It is fairly easy to see that when we return to the north pole, the pendulum is swinging in a different
plane than it was originally; now it swings in the direction of the longitudinal line along which we travelled
back to the north pole. Let 6 be the angle between the original plane of the pendulum’s oscillation, and the
plane of it’s oscillation after the motion.

The movement of the pendulum around the path while keeping the plane of its oscillation oriented in the
north/south direction is an example of parallel transport. Consider the area A bounded by the path along
which the pendulum was carried. It is a fraction % of the northern hemisphere of the earth:

2
= (5) () =
2 2

where 7 is the earth’s radius. So we can write the angle 6 by which the plane of the pendulums motion has
rotated in terms of the area bounded by the path of the parallel transport:
A
(9 - —2
r

(notice that this expression for 6 is independent of the shape of the path, and depends only on the area
enclosed by the path). This angle  is an example of a geometric phase. In this (classical) example, it arises
because of the intrinsic curvature of the sphere (the geometric phase would not occur for parallel transport
on the surface of a flat manifold).

13.2 Development of the Berry Phase

It is crucial to note that the adiabatic theorem leaves open the possibility that the eigenstate may accumulate
an additional phase factor, on top of the dynamical phase we saw earlier. This is because “the j** eigenstate”
multiplied by some extra phase-factor is still “the j'" eigenstate”. Let |E;(t)) denote the j* eigenstate of

H(t), with eigenvalue E;(t). For a system initially in state |E;(t)), the adiabatic theorem tells us that at
time ¢ the state is approximated by (and in the adiabatic limit is equal to)

(1)) = e ORI B O B @) ()

Here —% f:ﬂ E;(t')dt’ is the dynamical phase. It is obtained in a manner analogous to what we did in Section

12.1 to find the dynamical phase %(t —t9)E,, for time-independent H. Where in that derivation we used

U(t) = e (t=t0)H e now have U(t) = e Jio H(E)AY (recall that our assumptions allow us to ignore the
time-ordering symbol in the expression for U(t)). The factor v;(t) in equation (1) is the additional phase
allowed by the adiabatic theorem. This +,(t) is a geometric phase like the type we saw in Section 13.1, and
is called the Berry phase. We wish to obtain an expression for 7;(¢). To simplify the calculations, let 6;(¢)
denote the dynamical phase:

0, (1) ::-%/t B()d (2).

To evaluate the Berry phase, plug equation (1) into the Schrédinger equation, and use the eigenvalue equation,
obtaining

zh% [eivj(t)ei9j(t)|Ej(t)>] — f[(t) [eiw(t)ei0j(t)|Ej(t)>]
dve _ ; ) _ _ !
— iR [i%em(t)ewj(t)wj (t)) — %Ej(t)e”j Dif5 (O] B, (1)) + ¢15(B) i 1) a|Ej(t)>

= O 0 B (1) B (1)
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which simplifies to

0 a’)’j

—|E;(t ||\ E;(t))—=2+ = 0.
B3 (0) + il B5(0) S =0
Multiply this equation by (E;(t)| to obtain
% _,; 0

=i(E;(t)|=|E;(t
5 = WEi ()5 |E5 (1)),
and an expression for the Berry phase

50 =i [(BOILIEWE ().

to

13.3 When is the Berry Phase Nonzero?

The Hamiltonian H is dependent on time through some parameters {Q;(¢)} which we assume are changing
(adiabatically) in time. First, suppose there is only one such parameter () which changes from Qo at time
to to @y at some later time ¢;. Then E; and |E;) are both dependent on time through @, and we have

0 0 dQ
§|Ej(f)> = %‘Ej(Q)>E

Plugging this expression into equation (3) we get

it =i [ @I B Q)

ton 0
— / (B(Ql551E(@)dQ

In particular, if the Hamiltonian returns to its original form at time ¢¢, then Q¢ = @ and we have

Qo
Yilty) =i /Q %—(Q)\%IEJ-(Q)MQ 0

and so the Berry Phase is 0. So in the case that only a single parameter in the Hamiltonian is changing in
time, the Berry phase equals 0.

Now suppose that there are IV such adiabatically-changing parameters
Q1(t),Qa(t),...,Qn(t). Then H, E;, and |E;) are dependent on ¢ through
Q = (Q1(t),Q2(t),...,Qn(t)), and we have

9 B Qi 9 o dQy 9 . dQy
a|Ej(t)>*TQIWJ‘(Q»WJFTQQ\EJ(Q»WJF + |E;(Q)) I

- 0Qn
dQ
— (VolB(@)) - 5
where V¢, is the gradient with respect to these parameters. So now we have

Qr
V() =i /Q (E;(Q)Vol B5(Q)) - dQ

for the Berry phase. If the parameters of the Hamiltonian return to their initial form after time ¢, then this
becomes

Y(ty) =i f (B;(Q)VolE;(Q) - dQ (1)

which is a line integral around a closed loop in this parameter space. From complex analysis, we know that
such an integral is not in general equal to zero. Note that 7;(¢;) depends only on the path taken, and not on
the speed at which the parameters changed along that path. This is in contrast with the dynamical phase
0;(ty) =—+ fttof E;(t")dt" which depends on the elapsed time t; — ¢.
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13.4 The Berry Phase is Real

Note also that we can show that the Berry phase is real. If it were purely imaginary, then () would be
an exponential factor and would be lost in the normalisation of |E;(t)).

Proof that 0;(t) € R

E;(Q))) =0
) 1E;(Q)) + (E;(Q)] (VelE;(Q)))

= (E;(Q)|VqlE;(Q))" + (E;(Q)IVelE;(Q)) =0
= (£;(Q)|Vq|E;(Q)) is imaginary

Qf
— w(t)zz'/ (E,(Q)VolE;(Q)) - dQ is real. O

i

13.5 Alternative Expression for v;(t)

Recall equation (4) expresses 7;(t) after a complete cycle as a line-integral around a closed loop C' in the
parameter space:

v(ty) =i 75 (E,(Q)|Val F5(Q) - Q.

The assumption we made in Section 12.2 about the piecewise continuity of the first and second derivatives
of |E;(s))(E;(s)| with respect to s will ensure that the curve C' is piecewise-smooth. If we assume that the
parameter space is three-dimensional (so only parameters Q1, Q2, @3 of H are changing in time) then C is
the boundary of some orientable surface S in the parameter space. Recalling vector calculus we can apply
Stoke’s theorem, and write v;(ty) as a surface integral

w(tf):i/g[vcm H(Q)IVolE;(Q))d) -a,

where Vg x (E;(Q)|Vq|E;(Q)) is the curl of (E;(Q)|Vg|E;(Q)).

Analogous results can be stated for parameter spaces with higher dimensions, but we will not pursue these
here.

13.6 Example

Recall the example in Section 12.3, illustrating the adiabatic evolution of a Spin—— particle (an electron) in
an adiabatically rotating magnetic field. We assumed the electron was initially in the spin-up eigenstate at
time tg = 0, with the corresponding eigenvalue p = 7“"1 . Recall equation (2) for the dynamical phase:

For the present example, the state is the j = 1°¢ eigenstate (the spin-up eigenstate), and the eigenvalue E;(t)
is a constant valu h‘“l . So the dynamical phase is found to be

Mt)%/(j( h;‘jl)dt
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Now recall equation (3) for the Berry phase:
t 0
- ! ! !/
10 = [ ()5 (e )ar.

to

Recalling the development of the example in Section 12.3, we have the j = 15 eigenstate written in the

S3-eigenbasis:
cos 9)
=1 . 2 ,
‘:U‘T( )> (e’“tsin (%)>

%Im(t» = <¢weiwtgin (%))

(O (1)) = iosin? (2.

A complete cycle of the magnetic field takes time ¢ = 27 /w, and so equation (3) now becomes

and so

and

27
Y1 (t) = Z/ iw sin? (g)
0 2

=m(cosa —1) (using the identity 2sin? (%) =1—cos a) .

Now, consider the more general case in which the magnetic field vector B traces out an arbitrary closed
path C (while |B| = By remains constant), returning to its starting position at time ¢;. Now the angular
momentum w is not assumed to be constant; nor is there a constant “opening-angle” a. The spin-up

eigenstate along B(t) is now
0
cos (%)
DI A
|MT( >> <6“"’Sin(g)>

2

where o(t) and 6(t) are functions of time. From vector calculus, we recall how to write the gradient in
spherical coordinates:

1 0
rsinfd 0y

_ L —gsin(3) N5, 1 0 5
~7 (%ew cos (8) ) * T sing (iew sin(4) )7

0 . 10 p .
Vipr) = 5 lp)f + =55l + 1)@

So we get
1 . 0 ) 2(0
(11 Vpg) = o [— sin (—) cos <§) 0 + sin <§) oS <_) i 22sm1 (92) 4
_ s (5)
~ rsinf
The curl is

>

1 o |, [isin®(%)
VoAl Ving) = rsind 90 [sm& ( rsin 6
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Recalling Section (u1|V|p1), we can write v1(ty) as a surface integral over the surface S bounded by the
curve C swept-out by the the magnetic field vector B:

1 1,
’YT(tf):—§/T—27"'da~

By the geometry of this example da = r2dQ#, where Q is the angle subtended at the origin, and so our
integral becomes

1 1
— - [d0=—2q.
Y1 (ty) 2/d 5
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14 APPENDIX: The d-Function and Fourier Transforms

Here we give a brief summary of some aspects of J-functions and Fourier Transforms which are relevant to
quantum mechanics.

14.1 Definition of §(z)

The “Dirac delta function” §(z) is a continuous generalization of the Kronecker delta symbol:
5o 0if m#n
T i m=n

Suppose f(x) is a function which is well-defined at the point z = zy. Then the dirac delta function §(x) is
defined by

/ f(z)d(x — zp)dx = f(xg).
Thus é(x) is a function which satisfies
if
o[
oo if z=ux

and

/OO 0(x — xo)dx = 1.

— 00

14.2 Properties of §(x)

The following properties can be proved rigorously by means of distribution theory. We just state the prop-
erties without proof.

Slar) = L6(x) a#0

dlg(x)] = Zn:g(zn):(),g’(w");ﬁo mfs(x — Tn)
xd(x) =0

f(@)o(z —a) = fa)d(x — a)

J2o 8z —y)a(y — a)dy = 6(x — a)

S(z) = & [ etkrdy

2r J—oo

Also, the first derivative §’(x) of §(x) has the following properties:

[0 ' (@) f(w)dz = —f'(0)

&' (z) = =6’ (—x)

J25 8 (@ —y)oly — a)dy = &' (x — a)
xd' () = =d(x)

228 (z) =0

§'(z) = 5= [70 ke dk
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14.3 The Fourier Transform

If the “Fourier Transform” of a function f(z) exists, it is the function

P =7l =[5 [~ e

where « is a fixed constant. In quantum mechanics, « is taken to be %7 and so the Fourier transform for us

is

1 X ius
F(u)E]:[f]:\/—/ e n f(x)de.
2rh J_ o
The inverse fourier transform is

== [ s

Generally, if f(x1,...,2,) is a function of n variables, its Fourier Transform is

1 % —i(uieyt..FunTn)
F(u1a7un)5f[f]:<%> / / + - f(-’l?l,...,l’n)dwl...

o0 X iyt tunzn)
e 7 F(uy,...,up)duy ...
— 00 — 00

and the inverse Fourier Transform is

f(x1,... x,) = F[F] = (%)

w3

14.4 Properties of the Fourier Transform

An integrable function f(x) is one satisfying
/ |f(z)|dx < oo.

Any integrable function has a Fourier transform.

In the following, we assume the Fourier Transforms of f and g exist, and F(u) = F[f], G(u)

14.4.1 Important Limit Property

lim|u|ﬁooF(u) =0

14.4.2 Linearity

Flaf(z) + bg(x)] = aF (u) + bG (u)

dz,,

duy,.
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14.4.3 Fourier Transform of Derivatives

If f(x) is differentiable, and its derivative is integrable, then
U
A= () F.

Suppose f(z) is m-times continuously differentiable, and its derivatives are integrable, then

A(£4]- 3 o

The property is essentially that derivatives of f(x) get transformed into multiplication by . The converse
is essentially the same:
dm
m —[F(u)].
Aot = ( h) S F(w)]

14.4.4 Multiplication < Conwvolution

The convolution of two functions f(x), g(x) is defined as

(f % g)(x /f (z —t)dt = / flz—t)g(t)dt

The following properties essentially say that multiplication of functions Fourier Transforms to convolution
of functions (and vice-versa).

FI(f * 9)(@)] = V2rhF (u)G(u)

1
FIf@)g(@)] = o= (F G)(w)
14.4.5 Scaling and Shifting Properties
For a constant ¢, we have
1 Uq Up,
.F[f(cl‘l, .. .,an)] = WF(?, cey 7)
d
o 1 1 T Ty
]: [F(CU]_,...,CU;TLH:W‘f(?7...,?)

We give the shifting properties for the case of a function in one variable:
Flf(z—a)] = e ™" F(u)

and

Fle ™ f(2)] = F(u—X)

14.4.6 Fourier Transform of §(x)

Flo(x — a)] 27rh/ d(x —a)e dm—%e



