Guided Inquiry Worksheet 1.

Microstates, M acrostates, M acropartitions
& Probabilities

The Einstein solid model allows us to simply ilkase the
fundamental ideas of Statistical and Thermal Plsysic

Within this model, each atom is viewed as threeepmhdent
(i.e. non-interacting), one-dimensional quanturmiaic oscillators.
Each oscillator can contain an amount of energwatibe ground
state that is an integer multiple d&f» (where o is the angular
frequency of the oscillator).
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Activity 1: Single Isolated Einstein Solid

Consider an isolated Einstein solid comprising a single atom
with three quanta of energy

While we know that this solid always contains thgenta of energy
(it is isolated), the exact arrangement of the ¢mavithin the solid is
not specified.

We can represent the possible arrangements of @juatftin the solid
in numerous ways. One option is to indicate thegnkevel occupied
by each quantum oscillator:

g

Alternatively, a set of three humbers could be usedpecify how
many quanta each oscillator contains

210

Finally, using dots to represent single quanta arfff to indicate a
partition between oscillators, we could represkatdarrangement as:

§
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Each possible arrangement of quanta within thisesyss known as
an accessibl® 1 CROSTATE (inaccessible microstates are those that
do not respect the overall constraints on the syseeg. they have too
much or too little energy, or the wrong number s€ithators etc.).

For an Einstein solid, specifying tiecrostate amounts to giving the
number of quanta in each oscillator. In generalpvking the
microstate of a system means that you know allhef $ystem’s
details!

1.1) Using your preferred notation,
represent all of the possible (i.e. accessitvie) ostates
of our single atom Einstein solid with three quasitanergy:

What each of thesmicrostates has in common is the total energy and
total number of oscillators. We say that all of shenicrostates
belong to theMACROSTATE corresponding to three quanta of
energy in the three oscillator system. The acckssilicrostates of an
isolated system are all members of the system ratteodescribed
by the conserved quantities energy, particle nureter
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Specifying themacrostate of a system, amounts to describing the
system in more general terms than when describmgeostate.

1.2) For our single atom Einstein solid with three mpazof energy,
specify at least three different macrostates.

The number ofmicrostates corresponding to anacrostate is called
the MULTIPLICITY OF THE MACROSTATE

1.3) What is themultiplicity of the macrostate corresponding to
three quanta of energy in our single atom Einsdelid?

1.4) What is the multiplicity of each macrostate sfiediin 1.2)?
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THE FUNDAMENTAL ASSUMPTION OF STATISTICAL
MECHANICS:

all allowed microstates of an isolated system greaby likely,
once the system reachegiilibrium

1.5) Why, do you think, does the fundamental assumptgjuire
the system to be iequilibrium?

1.6) At equilibrium, whichmicrostate of our single atom Einstein
solid is most likely? Explain.

1.7) At equilibrium, for our single atom Einstein solid, what is th
probability that ...

a) ... each oscillator contains a single unit of energy?

b) ... the first oscillator has one unit of energy?

c) ... the second oscillator has two units of energy?

1.8) Can you propose a general formula for the prdipalit(s)
of the system being in a certain statg equilibrium,
in terms of the multiplicity of this stat(s) and
the total number of accessible microstadgs?

D
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Before you proceed, explain your own words what is meant by the
following terms (give as general a description assible- i.e. not
restricted to an Einstein solid):

MICROSTATE:

MACROSTATE:

MULTIPLICITY:

FUNDAMENTAL ASSUMPTION OF STATISTICAL
MECHANICS:
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Activity 2: Two Small Interacting Einstein Solids

Consider two interacting Einstein solids A and B,
each with three oscillators. The combined system of Aand B is
isolated with a total of three quanta of energy

2.1) What do all arrangements of this combined system
have in common? In other words, how would you dbsecr
the most generahacrostate of the combined system?

The other extreme to specifying the most genmarostate of the
combined system, is to specify exactly how many ntaaeach
oscillator contains. This amounts to specifying thierostate of the
system (i.e. all of the details!).

2.2) Can you think of another way of describing aremegnts of
guanta within the composite system that is lessiBp¢han the
microstate, but more detailed than the most gemeaarostate?
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One option is to specify how many quanta of enengy of the solids
contains (e.g. the number of quangain solid A). Of course, once
this is specified, the number of quanta in solig Blso known, since
the total number of quanta is given. This choiceants to specifying
the MACROPARTITION (or energy split) of the system (clearly, a
macropartition is just a special kind of macrostate

2.3) How manymacropartitions does the combined system of
A and B (sharing three quanta) have?

Now, for eachmacropartition, count how many ways the energy can
be arranged within A and B (i.e. the multiplicitieEA and B for the

given energy splitQa(ga) and Qg(ga) respectively, as well as the
total multiplicity of the combined arrangemeg,,(q)):

2.4) Complete the table:

Oa Oz | Qa(da) | Qa(da) | Qrotal(da) | P(da)
(%)

(leave the final column for now— we will returnitcslightly later)
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2.5) On the same set of axes, draw sketch grapfs 0f2g andQiy
(the number of possibilities open to A, B and tbebined system fg
each of its macropartitions). Clearly label eacipyrand axis.

N

v

=

2.6) What is the total number of microstafeg available to the
combined isolated system?
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2.7) Using the fundamental assumption of statisticatinanics,
determine the probability of each macropartitéord
complete the final column of your earlier table.
(recall the general formula proposedLiB)

Under what conditions do these probabilities apply?

Activity 3: Two Interacting Einstein Solids of Ddfent
Sizes

Consider two interacting Einstein solids A, with 3 oscillators,
and B, with 6 oscillators, sharing a total of 6 quanta of energy

2.8) At equilibrium, are all macropartitions of the
combined isolated system equally likely? Explain.

The task of manually counting microstates is tesliqaven for
systems as small as those in this activity). Task twill be left to a

computer slightly later. For now, let us focus jost the qualitative
behaviour.

3.1) How many macropartitions are available to thistesn?
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3.2) On the same set of axes, draw sketch grapts of2z and
Qwta- YOU do not need to explicitly calculate the nmplltities, but
think carefully about the general features of egreiph
(e.g. increasing or decreasing, concave up or dosletjve positions

of minima or maxima and endpoints).

v
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3.3) Can you predict what the most probable macraparti
will be for this system? What was the basis fos firediction?

If a prediction is not possible, can you think dfiation
in which it would be possible?

3.4) Can you predict the average energy content of A
at equilibrium? What was the basis for this predic?
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For each case below, decide which of the followsgr are known:
the microstate, macrostate, and/or macropartitiog §ystems are not
necessarily at equilibrium):

i)  two ideal gases A and B share a total of 1 000ehefgy and
are isolated from the surroundings

i) two Einstein solids 1 and 2 share 100 energy umitis 80
units in solid 1

iii) the number of quanta in each oscillator of a twaskin
solid system is known

iv) the positions and momenta of all particles in ataied ideal
gas are known
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Activity 4: Java Applet:
Comparison with Earlier Results

Explore the EJS applet, Nol EinsteinSolidMultProb.jar.
It allows one to specify the number of oscillatorsin
two interacting Einstein solids A and B, aswell asthe
total energy available to the combined isolated system.

The process of manually counting the number of ipdgiges open to

a system in a given macrostate (i.e. its multipfjciis tedious

Fortunately, this applet calculates the multipkst using the

combinatorics approach discussed in lectures.

4.1) Check that your answers Aactivity 2 agree with the applet an

record any discrepancies below. When comparinghgrapake surg

that all features agree (e.g. overall trend, cogadomains and
ranges, endpoints and positions of peaks):

2.3:

2.4:

2.5:

2.6:

2.7&2.8:

&N
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4.2) Now, use the applet to investigate the systensidened in
Activity 3.

Do your sketch graphs match the applet’'s output®tf how are
they different? Can you explain the discrepancies?

4.3) Was your prediction for the most probable macriijen
confirmed by the applet? If not, why?

4.4) Use the applet to calculate the average enengienbof A at
equilibrium. Does this confirm your earlier predtect?

Can you generalise the result obtained for theameeenergy
content of A at equilibrium to solids with, andNg oscillators
respectively, sharingg, quanta?

Confirm your result using the applet.

FOR THE MOMENT, EXIT THE APPLET
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Let us now investigate the effect of system sizenuitiplicities and
probabilities by considering the following cases:

e Case1l: Np= 3and Ng = 3 with 3 quanta of energy
e Case2: Np= 30 and Ng = 30 with 30 quanta of energy
e Case 3: Np = 300 and Ng = 300 with 300 quanta of energy

Sketch the macropartitioprobability distribution for each case.
You do not need to perform any calculations, bunkhcarefully
about the general features of each graph as yom 8id.

A
4.5) P(Gy) Case 1l
> Oa
A
Case 2
P(a)
> Oa
A
P(s) Case 3
> q
> Ua

Version 1.0 — 24/5/13

Reopen the applet and check your predictions (De&play
Probability Plot”).

4.6) How does the probability distribution changetaes t
system is scaled up in size?
Pay particular attention to the height, peak positi
and width of the distribution.

Height Peak Position Width

Case 1:

Case 2:
Case 3:

4.7) Limited computational power prevents an analg$isystems

with Avogradro’s number of oscillators and energyts, but what

would you expect probability distributions for sugystems to look
like, based on your observations here?
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