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Outline

I The CGC, JIMWLK evolution
I Bulk particle production in dense-dense collisions; the glasma
I Dense-dense correlations

I Power counting
I Two particle correlations: the near-side ridge

I Dilute-dense collisions
I Particle production: kT -factorization
I Correlations: the away-side peak
I Finite-Nc effects from JIMWLK
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Gluon saturation, Glass and Glasma

Small x : the hadron/nucleus wavefunction is
characterized by saturation scale
Qs � ΛQCD.

H
pT ∼ Qs: strong fields Aµ ∼ 1/g
I occupation numbers ∼ 1/αs

I classical field approximation.
I small αs, but nonperturbative
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CGC: Effective theory for wavefunction of nucleus
I Large x = source ρ, probability distribution Wy [ρ]

I Small x = classical gluon field Aµ + quantum flucts.

Glasma field configuration of two colliding sheets of CGC.
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Gluon fields in AA collision

Classical Yang-Mills
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Solve numerically Yang-Mills equations for τ > 0
This is the glasma field =⇒ Then average over ρ.

Gluons with pT ∼ Qs — strings of size R ∼ 1/Qs

In dilute limit reduces to kT -factorization.
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JIMWLK evolution

Need Wilson lines from probability distribution Wy [U].

Energy/rapidity dependence of Wy [U] from JIMWLK RGE:

∂y Wy [U(xT )] = HWy [U(xT )]

JIMWLK Hamiltonian:

H ≡ 1
2

Z
xT yT zT

δ

δ eA+
c (yT )

eba
T (xT , zT ) · eca

T (yT , zT )
δ

δ eA+
b (xT )

,

eba
T (xT , zT ) =

g√
4π3

xT − zT

(xT − zT )2

“
1− U†(xT )U(zT )

”ba

(δ/δeA+ is Lie derivative on SU(3) group)

Numerics using Langevin formulation

Mean field approximation: BK Balitsky-Kovchegov

Evolution equation for correlator

∂y

»
1
Nc

Tr
D

1− U(xT )U†(yT )
E–
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Gluon spectrum in the glasma
Most up to date calculation T.L., Phys.Lett. B703 (2011) 325 ;
First calculation to actually use JIMWLK for gluon production in AA

Qs is only dominant scale

Parametrically
dNg
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=
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Gluon multiplicity and mean pT

Qs is only dominant scale

Parametrically
dNg

dy d2xT
= cN

CF

2π2αs
Q2

s 〈pT 〉 ∼ Qs

Note: in full CYM total gluon multiplicity, IR finite, no cutoff.
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Harder gluon spectrum =⇒ higher
〈pT 〉/Qs as scaling regime sets in.
(Still very large lattice cutoff effects.)
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“Classical” and “quantum” correlations

p q

p

q

p

q

Correlations from

I Sources
I “disconnected”, “classical”
I can be near side ∆φ ∼ 0
I Dominate for dense

I Loops
I “connected”, “quantum”
I away-side ∆φ ∼ π
I Dominate for dilute

Power counting:
I “A”: ρ ∼ 1/g
I “p”: ρ ∼ g
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Dense-dense power counting

Basic power counting: dN
d3p ∼

1
αs

Fixed sources: correlations loop/quantum effects, suppressed by αs

E.g. Poisson

1/α2
s +···z}|{
〈N2〉 −

1/α2
s +···z}|{
〈N〉2 =

1/αs+···z}|{
〈N〉

But in CGC must average over color charge ρ:fi
dN

d3p1

· · · dN
d3pn

fl
conn.

=

264Z
[ρ]

W
ˆ
ρ1(y)

˜
W
ˆ
ρ2(y)

˜| {z } dN
d3p1

· · · dN
d3pn

375
conn.

∼ 1
αn

s

LLog corrections factorize into evolution of ρ distribution

E.g. neg. bin

1/α2
sz}|{

〈N2〉−

1/α2
sz}|{

〈N〉2 =
1
k

1/α2
sz}|{

〈N〉2 +

1/αsz}|{
〈N〉

Dominant correlations come from sources
Quantum correlations, enhanced by ln 1/x ∼ 1/αs

=⇒ appear as “classical” in effective theory.
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Full numerical calculation
Numerical result in MV model T.L., Srednyak, Venugopalan, JHEP 01 (2010) 066, Note: pre-CMS ridge.

C2(p,q) ≡
fi

d2N2

dyp d2pT dyq d2qT

fl
(# of independent regions)

κ2(pT ,qT ) =

z }| {
S⊥Q2

s ×

0@ C2(p,q)D
dN

dyp d2pT

ED
dN

dyqd2qT

E − 1

1A

Here plotted vs. |pT − qT |, |pT + qT |
I κ2 ∼ 1
I Angular structures at

I pT ≈ qT =⇒ ridge
I pT ≈ −qT =⇒ away

side
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Where does the near side correlation come from?
kT -factorized approximation, K. Dusling, F. Gelis, T.L. and R. Venugopalan, Nucl. Phys. A836 (2010) 159

C(p,q) ∼
Z
kT


Φ2

B(kT )ΦA(pT − kT ) [ΦA(qT + kT ) + ΦA(qT − kT )]

+ (kT ↔ −kT ) + (A↔ B)

ff

q, yq

p, yp

B B

A

A

(Gaussian approx: only 2-pt. f’n.)

I |pT + kT | and |qT ± kT | like to be ∼ Qs

=⇒ Correlation enhanced when pT ||qT

I Here assume ∆y � 1/αs, boost invariant
approximation for rapidity structure.
(Going beyond this: work in progress)

Interpretation
Ridge ≈ double parton scattering

+ intrinsic kT .

Φ is classical field mode =⇒ can be one,
two, n gluons =⇒ naturally has multigluon
correlations
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CMS ridge
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High Nch trigger
=⇒ central events.

“Ridge” structure:
I ∆φ ∼ 0, large ∆η

I New at high
√

s
I Stronger in AA

Normal away-side (∆φ = π) jet peak;
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CMS ridge qualitatively understood from CGC
Dumitru, Dusling, Jalilian-Marian, Gelis, T.L., Venugopalan, Phys.Lett. B697 (2011) 21

I Dependence on pT : rise, then fall for pT � Qs

I Dependence on multiplicity: strongest for central, with largest average Qs

Theory:
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Dilute-dense: Forward dihadron correlations in dAu
Two particle collision vs. ∆ϕ : away-side peak goes away

pp peripheral dAu central dAu

p+p → π0π0+X, √s = 200 GeV
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Calculating 2-particle correlation in forward pA

I Quark from p (large x) from pdf
I Radiate gluon
I Propagate eikonally in color field of target A =⇒ Wilson lines U

dσqA→qgX

d3k1 d3k2
∝
Z

xT ,x̄T ,yT ,ȳT

e−ikT 1·(xT−x̄T ) e−ikT 2·(yT−ȳT ) F(x̄T − ȳT , xT − yT )*
Q̂(yT , ȳT , x̄T , xT ) D̂(xT , x̄T )− D̂(yT , xT )D̂(xT , z̄T )− D̂(zT , x̄T )D̂(x̄T , ȳT )

+
CF

Nc
D̂(zT , z̄T ) +

1
Nc

2

“
D̂(yT , z̄T ) + D̂(zT , ȳT )− D̂(yT , ȳT )

”+
target

(zT = zxT + (1− z)yT , z̄T = zx̄T + (1− z)ȳT .)

Need target expectation values of Wilson line operators

D̂(xT − yT ) ≡ 1
Nc

Tr U(xT )U†(yT )

Q̂(xT , yT ,uT , vT ) ≡ 1
Nc

Tr U(xT )U†(yT )U(uT )U†(vT )
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Approximations for 4-point function 〈Q̂〉

Motivation for approximations

Getting the dipole 〈D̂(xT , yT )〉 is easy from BK; an approximation using only
〈D̂(xT , yT )〉 is much easier for practical work.

I In phenomenology of 2-particle correlations, (Marquet 2007, Tuchin 2009, Albacete &

Marquet 2010) only used “naive large Nc” approximation:D
Q̂(xT , yT ,uT , vT )

E
≈

Nc→∞

1
2

D
D̂(xT , yT )

ED
D̂(uT , vT )

E
+
D

D̂(xT , vT )
ED

D̂(uT , yT )
E

I We also compare to “Gaussian” approximation, whereD
Q̂(xT , yT ,uT , vT )

E
is related to

D
D̂(xT , yT )

E
assuming Gaussian

correlators for Wilson lines.
“Gaussian truncation” of Kuokkanen, Rummukainen, Weigert, see also Iancu, Triantafyllopoulos
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Choose two coordinate configurations
A. Dumitru, J. Jalilian-Marian, T.L., B. Schenke and R. Venugopalan, Phys. Lett. B706 (2011) 219

General expression: several Fourier-transforms
Simplify and study 2 special configurations for

Q̂(xT , yT ,uT , vT ) =
1
Nc

Tr U(xT )U†(yT )U(uT )U†(vT )

“Line”: uT = xT ; vT = yT

“Naive large Nc” Qnaive
| (r) = D(r)2

Gaussian

Q|(r) ≈ Nc + 1
2

“
D(r)

”2 Nc+2
Nc+1

− Nc − 1
2

“
D(r)

”2 Nc−2
Nc−1

“Square”
v u

x y

“Naive large Nc” Qnaive
� (r) = D(r)2

Gaussian:

Q�(r) ≈ (D(r))2
»

Nc + 1
2

 
D(r)

D(
√

2r)

! 2
Nc+1

− Nc − 1
2

 
D(
√

2r)

D(r)

! 2
Nc−1 –

.

http://dx.doi.org/10.1016/j.physletb.2011.08.011
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Gaussian is good

Initial condition y = 0 satisfies Gaussian approximation by construction.
But result stays very close at later rapidities.
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Naive large Nc is not good
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Even characteristic length/momentum scale differs by factor ∼ 2.
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6pt function

I Actually cross section has not 〈Q̂〉, but 〈Q̂D̂〉.

As expected, the “naive large Nc” approximation for the 6pt function is as bad
as for the 4pt function.
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6pt function: “best known” approximation

I Actually cross section has not 〈Q̂〉, but 〈Q̂D̂〉.
I Gaussian (MV) calculation for this not known (tedious)
I But: we know Kuokkanen et al that 〈D̂D̂〉 ≈ 〈D̂〉〈D̂〉 works pretty well
I Compare JIMWLK with “best known” ∼Gaussian approx.
〈Q̂D̂〉 ≈ 〈Q̂〉〈D̂〉

6pt: “best known” ∼Gaussian works pretty well
At least for small r , which counts for pT & Qs

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5  6  7

S
6
 |
(r

)

Qs r

 JIMWLK, Y=0

 Gaussian, Y=0

 JIMWLK, Y=5.18

 Gaussian, Y=5.18

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5  6  7

S
6

o
(r

)

Qs r

 JIMWLK, Y=0

 Gaussian, Y=0

 JIMWLK, Y=5.18

 Gaussian, Y=5.18

Line Square



22/27

Evolution speeds

Evolution speed: define characteristic momentum scale Qs for each
correlator. (Inverse of characteristic length scale.)

Evolution speed is

λ ≡ d ln Q2
s

dy

Result: the higher point functions evolve “faster”
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(This is a transient effect specific to MV initial condition; goes away for high rapidity.)
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2-particle correlation, the actual spectrum
With H. Mäntysaari, work in progress

To get the actual cross section, e.g.

dσpA→π0π0X

d3k1 d3k2

from
dσqA→qgX

d3k1 d3k2
=

Z
xT ,x̄T ,yT ,ȳT

e−ikT 1·(xT−x̄T ) e−ikT 2·(yT−ȳT )

F(x̄T − ȳT , xT − yT )| {z }
LC wavef.

〈Q̂D̂ + D̂D̂ + . . . 〉| {z }
Wilson line operators

one needs
1. Calculate Fourier-transform integrals

I Easy in the approx. of Marquet, Albacete =⇒ only need FT of dipole.
I Complicated 6-dimensional oscillatory integral in general case

2. Convolute with fragmentation functions

3. Model angular smearing from fragmentation

I Steps 1 and 2 in progress, still looking for a good way to do 3.
I Here: preliminary results at parton level, i.e. only for step 1.
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Angular correlation, peak width at parton level

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
φ

0.0

0.1

0.2

0.3

0.4

0.5

0.6

1/
σ

d
σ
/d

∆
φ

Marquet pT 1 =2 GeV
Full pT 1 =2 GeV
Marquet pT 1 =1 GeV
Full pT 1 =1 GeV

pT 2 =3 GeV, y1 =2.4, y2 =3.2

Correlation vs. ∆ϕ, area under curve normalized to 1 to show angular structure.

Including the “best known” approximation for the 6-pt function broadens the
peak compared to the approximation of Marquet.
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Normalization, at parton level
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Correlation vs. ∆ϕ.

Including the “best known” approximation for the 6-pt function increases the
(∆ϕ-independent) correlation by a factor of ∼100% (pT -dependent) compared
to the approximation of Marquet.
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Visualization of correlations in JIMWLK

Correlation between origin (0, 0) and (x , y)

1
Nc

Re Tr U†(0, 0)U(x , y)

=⇒ correlation length decreases for increasing energy.
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Conclusion

General features of CGC framework
I Gluon saturation at small x =⇒ semihard bulk is one scale problem, Qs

I Energy, rapidity dependence from JIMWLK/BK RGE
I Used for:

I Single inclusive particle production
I Correlations
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CYM vs. kT -factorization

Blaizot, T.L., Mehtar-Tani 2010
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Do not measure gluon spectrum with pT . 1GeV !
Centrality, rapidity, energy dependence from N ∼ S⊥Q2

s

Suggested interpretation Levin, 2010 : Sudakov suppression factor.
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Backup: existence of high multiplicity events

n
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Multiplicity distribution in pp-collisions, Tribedy, Venugopalan, Nucl. Phys. A 850 (2011) 136
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