Worked Examples Set 3

Q.1. EM Waves in Non-Conductors

Determine the (real) electric and magnetic fields for a plane EM
wave of amplitude 5.0 V/m, frequency 5.0 MHz, (and phase
angle zero) that is travelling in the +z-direction and polarized in
the +y-direction, propagating in water (n = 1.333).

Solution: As before, the fields are of the form
E(z,t) = Egelt SullNE (7, ) — Be'(z—%)
given E, = (5.0 V/m)j [polarization is direction of E]
f =5.0MHz,s0 w = 2nf = 10w x 10° s71

8
n=133 sow/k=v=c/n= 3.3:31;) = 2.5x 108 m/s

=0.126 m™! (A =50m)

107TX10°
2.5%108

andthenk = w/v =




Q.1. Solution [continued]
Now B = (E X E)/v with EO = (5.0 V/m)y andk = 2

o By = (5) 2 = (1225) (-0 = Conn(-

The fields can then be written

E(zt) = (5.0 V/m)9 exp[(0.126 m™1)z — (107 (us) ~1)¢]
B(z,t) = (20 nT)(—%) exp[(0.126 m™ 1)z — (107 (ps) ~1)¢]
with the real fields being

E(z,t) = (5.0 V/m)$ cos[(0.126 m™1)z — (107 (ps) ~1)¢]
B(z,t) = (20 nT)(=7%) cos[(0.126 m™1)z — (107 (us) " 1)¢]




Q.2. Reflection and Transmission Coefficients [Hecht 4.21]

A light wave that is linearly polarized in the plane of incidence
is incident at 30° on a crown glass (n = 1.52) plate in air.
Compute (a) the amplitude reflection and transmission
coefficients; (b) the (intensity) refelection and transmission
coefficients R and T. Compare your results with the graphs
on ED-08 slides 17 and 18 respectively. [Assume pig1a5s = Ho]

Solution: (a) We first need 8+ from Snell’s law:
0 = sin"1[(1.0/1.52) sin 30°] = 19.2°
Now if u, = uy = o ,then B =n,/n; = 1.52 here.

And a = cos8;/cosB; = cos 19.2°/cos 30° = 1.09

E a— 1.09—1.52 —0.43
Then 7y = 2R = £2F _ =22 — _0.165
Eo; a+f  1.09+41.52  2.61

E 2 2 2
and t; = L= = = =—=10.766
Eoy a+f  1.09+152 261

The values look close to those on the graph (for n = 1.50).




Q.2. Solution [continued]
2 - 2
(b) R = 2 (ELR) - (ﬁ) — (=0.165)2 = 0.027

Iy Eog CZ+,8
T — IT (EOT)Z VyEp COSOT CZ,B ( 2 )2
Ip Eo;/ vq1&1 COS O a+pf

= 1.09 x 1.52 X (0.766)2 = 0.972

[check: R + T = 0.999 : close enough to 1.]
It’s hard to tell, but they seem to agree with the graph.

(c) What is Brewster’s angle for this glass?
Solution: 85 = tan"t(n,/n,) = tan~1(1.52) = 56.7°




Q.3. EM Waves in Conductors [Griffiths Problem 9.19]

(a) Show that the skin depth in a poor conductor (0 K we) is

(2/0)+/&/u (independent of frequency). Find the skin depth
(in metres) for (pure) water. [e, = 80.1; u, =1 —9.0 x 107°
(i.e.take u,, = 1); 0 = 4.0 x 107° (. m) ]

(b) Show that the skin depth in a good conductor (o > we) is
A/2m (where A is the wavelength in the conductor). Find the
skin depth (in nm) for a typical metal (g ~107 (2. m)™ )

in the visible range (w =~ 10%° Hz), assuming € = gy and u = p,.
Why are metals opaque?

(c) Show that in a good conductor the
magnetic field lags the electric field by 45°
and find the ratio of their amplitudes.

For a numerical example, use

the "typical metal" in part (b).




Q.3. Solution (a) Use the binomial expansion for the square root

1

/2
in the k egn. K—@([\[l-l- - —1] . [o K we]
K= \/?”[1+ )—1] = W H = 7 _2 |H
EW 2 V2ew  24]¢€

2 E

Then d =—=-— [- QE.D.
K oAlU
For water, inserting the given values,
B 2 80.1 X 8.85 x 1012 R 4
T40x10°5  4mx107 e
(b) Now (0/cw)? dominates [is > 1], so we can see from the

eqns.thatk=icand/1=2%=2—n=2nd or d=% Q.E.D.

K




Q.3. Solution (b) [continued]
For the ‘typical metal’, inserting the given values,

. w\/e_u\/i: lwz\/(4nx10‘7)(1015)(107)
2 4\ Ew 2 2

=8x10'm ! sod=1/k=13%x10"%m =13 nm
Metals are opaque because the fields do not penetrate far.
(c)In(b)wehadk = k,so¢ =tan"'(x/k) = tan™ 11 = 45°

2
B K o o o
Ratio — = — = e,u\/ll( ) E\/e,u—= —
Ey w EW EW w
N
B 41tx10~7)(107
For ‘typical metal’ — = \/( 15)( ) =1.1x10"7s/m
E, 10

B 1
In vacuum, E—O = e 3.3x107s/m so 300x larger in metal
0




