Worked Examples Set 1

Q.1. [Griffiths Example 4.5 and Problem 4.26]
A metal sphere of radius a carries a charge Q.

It is surrounded, out to radius b, by a linear dielectric with
permittivity €. (a) Find the potential at the centre. (V = 0 at o)

Solution: We know E = 0 inside the sphere, and E=-7V
so V at the centre = IV at the surface of the sphere. This we

can get by integrating E from oo (whereV = 0)tor = a.

We should use Gauss’s law, but for E we will need to include P.
We can use Gauss’s law for free charges, since we put free
charge Q on the sphere. This gives D (Gaussian sphere, rad. r):
gﬁl_j-dﬁfoenczQ = D=——+ forallr >a
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Q.1. Solution [continued]

Now D = ¢FE in dielectric, D = &yE in vacuum

4ner2f (a <7 <Db)

The potential at the centreis then V = — fO E - di
b
V=— dr — [ dr—f 0dr
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(b) Find the bound surface charge densities on the inside and
outside surfaces of the dielectric.

Solution: The dielectric is linear, so P = XeEoE = Xegogf‘
4TTET
This is constantso p, = =V - P = 0 ; thereisonly g, = P-A
Xe€oQ

On the outer surface r = bandn =7 so Op(out) = Ameh?




Q.1. Solution [continued]

On the inner surface r = a andn = —7 (out
Xe€o0@
ATTEQ?
[Can you easily check total bound charge =0 ?]

w.r.t. dielectric) so  Op(in) =

(c) Find the energy stored in this system.

Solution' U=1fD-EdV = %fDEdV with D and E from (a);
- __Q Q
= 47rr2 @llr), &= 4TTET 2 S <), 4TTE QT2
Integrate over ‘spherical shell’ 4wr?dr froma - b — o :

U=- ( ) {fbii4nr2dr+f 4nr2dr}

(r > b)
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Q.2. [Griffiths Problem 5.6]

(a) A phonograph record carries a uniform
surface density of “static electricity” o. If it
rotates at constant angular velocity w, what
is the surface current density K (magnitude)
at a distance r from the center?

(b) A uniformly charged solid sphere, of
radius R and total charge Q, is centered at
the origin and spinning at a constant angular
velocity w about the z axis. Find the current

densityf at any point (7, 8, ¢) within the
sphere. [ Hint: | = pv ]




Q.2. Solution:

(a) (see ED-04-Magnetostatics, slide 2):
Surface current density K = o v
Atradiusr, v =rw so verysimply

K = orw

(b) Let’s take the hint: f =P
Q 3Q
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Volume charge density p =

Now ¥ will be in the ¢ direction (azimuthal) and
a point distance r from thecentre (0 <r < R)
will rotate in a circle of radius 7 sin 6.

Thus ¥ = w rsinf ¢

= - 3 . T
andso | = pv = 2

4TTR3




Q.3. A solenoid is made by winding n turns of wire per unit
length onto a paramagnetic rod of permeability u; which has a
radius a and length [ > a. This solenoid is surrounded by a
region of permeability 1, which extends to infinity parallel to
the axis and radially out to radius 2a. Outside this region the

magnetic field is zero. (a) Use flux conservation (55 B-dS = 0)

to show that, well away from the ends, the magnetic field
inside the solenoid is three times that outside.

(b) Show that the field inside the solenoid has magnitude

3
B:Tll Uil
pHit3U2

where [ is the current

in the solenoid.




Q.3. Solution: (a) Since B = 0 outside the region and
V-B =0, all field lines emerging from the end of the solenoid
must loop back through region 2 to conserve the flux. Thus
q):f §1d§1:f §2'd§2
S1 S2

Assuming the magnetic field is uniform (away from the ends)

this means (solving the integrals)
B,mwa? = B,(r(2a)? — ma?®) — B, = 3B,




Q.3. Solution: (b) Apply Ampere’s circuital law to the

anticlockwise rectangular path shown: 95ﬁ dl =nldl
(n turns per unit length, n dl times current I in length dl )

i.e. Hidl + H,dl =nldl (H parallel to dl in both media)

B B
i.e. L+ —=2=nl But By = 3B, from part (a) so
H1 U2

1 1 3
Bl(—+—)=n1 = B=( il )nl
Ui 3z H1 + 3,




Q.4. [A rather long and involved
Example from Lorrain & Corson, Ch. 7]
The figure shows two long parallel wires
separated by distance R and carrying
equal and opposite currents I, and [,,.
(a) Calculate the magnetic vector

potential A as a function of position.

(b) Calculate the magnetic field Basa
function of position.

(c) What is B at the midpoint between the two wires?
[Hint: Begin with one wire of finite length 2L, and first find the

equation for A for this length (assume distance from the wire
p < L). Let the distances be p, and p;, from the two wires, and
add the two vector potentials. Then let L — oo for a long wire.]




Q.4. Solution: (a) For one long straight wire,

> Idl >
A= f%7 where Idl is always in the

z-direction here. For length 2L, integrate
from 0 to L and multiply by 2 :

uol (4 dl
A, =2

arm Jy JI2 + p2
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Hol _ Mol 2L

~ In 2L —Inp] = annp

if p? « L?




Q.4. Solution [continued]
For the two wires

| 2L 2L
A, = Mi(ln— — ln—)

2T\ Pq Pb
Mol (2L pp\  pol  pp
=—In{—=—= In
2T pg 2L 2T pPg

pa* =X +y% 5 ppt =x*+ (R—y)°

Recall: In(x) ==In(x?) ,
2
A, = HOI (pb ; substituting for p, , pp,

Pa
4 Holl x*+ (R —y)?
4w x2 4 y?




Q.4. Solution [continued] (b)

X vy Z
5 = 7 x A S
| ~lox 9y oz
0 0 A,
(#9225 w
=& — )V where
_ Mol x%+(R-y)?
Az = am | x2+y?2
04, _ _ pol [T S
dy 2 [x2 + (R —y)? x%+y?|
0A, ol | X N x |
o0x  2m|x2+(R—-y)2 x2%+y?

[ x and y components of the curl respectively ]




Q.4. Solution [continued] (c)
At the midpoint between the two wires
x=0, y=R/2 (and R—y=R/2)

and so from (b)

B — MOI[ ~ 2p0!
z R/2 R/Z R
B, =0

Note B is in the negative x-direction.

[ Check that this is what you would expect by applying the
right hand rule, using the given directions of the currents. ]




