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Ampere’s law in differential form
Magnetic vector potential




Currents (1)

* Line charge A (C/m) with
velocity ¥ : in time At
segment with length vAt , charge AvAt passes point P.

This constitutes a current [ = 17 (vector).
. Magnetic force on a segment of length dl is

Fnag f(v x B)dq = [(# x B)Adl = [(I x B)dl
But I and dl are in the same direction so we write

ﬁmag =] f(dfx §) (usually I constant around circuit)
* When charge flows over a surface:

if current dI in width dl, then
surface current density

K =dI/dl, = ¥ (surface
charge density o at velocity v )




Currents (2)

I\/Iagnetic force on a surface current:

Frag = [(#x B)oda = [(K x B)da

When charge flows through a volume, we define volume
current density f - df/dal (‘current per unit area-_L-flow’)
or | = pB (vol. charge density p moving at velocity ¥ )
I\/Iagnetic force on a volume current:

Finag = [(# x B) pdV = [(J x B) aV

Current crossing surface Sis I = . Jda, = | j.da
Conservation of charge: for closed surface S, volume V,

P J.di=| (Vf)dV——— J, pdvV =—[, (%)dv

> 0
Hence: Continuity equation: \7.] =_2°




Origin of the Magnetic Field (1)

* Consider charges Q, and Q,, fixed in
frame 2, which is moving at constant
velocity v1 relative to frame 1.

* Assume charge invariance.

* Coulomb force ﬁbz exerted by Q,
on @, in frame 2 has components :

sz — QaQb-’:Z » sz = QaQbYZ . sz e 0
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* Transform ﬁb toframe lattimet; =t, =0

R YQaQpXx i i QalQpy i =
b = 41reg(y2x2+y?2)3/2’ bl amegy (y2x2+y?)3/2’ 2y =0
* Rewrite F; to obtain
- % AR 2
F, = L — TH o which yields...

amteg(Y2x24+y2)3/2  4megc?(y2x2+y2)3/2




Origin of the Magnetic Field (2)
yQq7 i yQqvyk ]}

[ + | X
b = U {47‘[80(]/29(2 + y2)3/2 4rregc?(y2x2 4 y2)3/2

Define 4megc? = 107 or|1/goc? = py = 47w x 1077 H/m
the permeability of free space. Write this as

F, = Qb{Ea + v X B, { |(Lorentz force) where
= yQaT B _ _ HoyQquyk
fa = arreg(y2x2+y?2)3/2 and 5, = 4m(y2x2+y?)3/2 .

are the electric & magnetic fields of Q,in frame 1.
Note direction of B (the “magnetic induction”).
 The magnetic field of frame 1 has appeared as

a result of the application of a relativistic trans-
formation to the electric force in frame 2. FORCES




Biot-Savart Law (1)

Consider short length of wire dl at origin:
Positive charge A, dl stationary

Negative charge A4,,dl , velocity —v
Electric field at 7 due to + and — is

= Apdl h 1-2
{1 (1—2 sin2 9)3/2

Magnetic field due to moving — charges is

= w(1-pFviydl 4
4 = 4112 (1—B2(sin 0)2)3/2 ¢

Using I = A,(—=¥) = A,v and 1/(goc?) = uo we obtain

} ¥ (note: non-zero)

. Approximation: % « 1

= 1dl
E ~ Ko

v{l — 3 5in2 9}? for the electric field and ...
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Biot-Savart Law (2)

Uoldl _ _ ~
= 4;7,2 (1- ,52){1 + %,82 sin? 9} sin 8 ¢
_ Moldlsin® 2 . E’ __ MU [dlxr
~— — ¢ ie D = o B

The Biot-Savart law can be derived
directly from the relativistic transformations.

We usually call the above dB due to current element Id[

T = dix7
so that for a complete circuit we have B = 5—2145 —

Recall that 7 is always from the source point (in this case
the current element) to the field point where we

determine E, and that B is in the azimuthal direction.

“Magnetic field strength” B : unit tesla (T) = weber/m?




Magnetic Forces Between
Currents: “Ampere’s Law”

Biot-Savart law gives B-field produced

by current I: By = =X P =

If this is at position of current [},
there is force dﬁab = [,dl; X §a

|2 _ Mo dlp X (dlgx7)
For circuit | F, —Elalb Sﬁa 9519 "

This is often called the “magnetic force law”, derived by
Ampere. It is the magnetic equivalent of Coulomb’s law,
with the product of the currents in place of charges and
an inverse square dependence (just a bit more geometry!)




Biot-Savart Law Applied (1)

e Use Biot-Savart law to obtain B at distance

— I
r from a long straight wire: (B = % ¢

 Then force between two parallel wires is:
on element Ibdfb . dF = Ib(dfb X §a)
and for two long parallel wires (distance
r apart as in the figure), we get force per

aF _ Uolglp

dl  2mr

* This is used for the definition of the unit
of current, the ampere (A) and hence the
unit of charge, the coulomb (C).

unit length




Biot-Savart Law Applied(2)

- Use Biot-Savart law to obtain B at
distance z from the centre, along
the axis, of a circular current loop,

—

radius a :

_ pola?

— 2(a?+2z2)3/2

N

k

* Thisis a ‘physical” magnetic dipole,
with dipole moment 7 = IA = Ita?k here,

5 _ Ug 2m

and for z > a we get ‘far field” B = —— on axis.

41 73

* Generalised concept of magnetic dipole later...




Generalised Biot-Savart Law

- Replace Idl by JrdV where free current density jr has
magnitude Jr = dI/da , then generalised Biot-Savart:

4 & jf)( 4 /
B = ppnll Y R dV
* Assume for now that the currents due to the motion of
free charges are constant and there are no materials.

Magnetic Flux

. B is a vector field like E and we use the concept of
magnetic field lines and magnetic flux [in webers (Wb)]

D, =J B.dd
S




Magnetic Field is Divergenceless

* One can show by direct integration of the generalized

—

Biot-Savart law that V.B =10

* Inintegral form gﬁl_f da = 0 for any closed surface,

which is of course equivalent to saying that the lines of B
are closed loops.

* [This is sometimes (incorrectly)
called “Gauss’s law
for magnetic fields”.]




Ampere’s Circuital Law

* For static fields Ampere’s law in
integral formis: § B.dl = pglep,
or more generally,

withf integrated over the surface bounded by the loop.
» Apply Stokes’ theorem to LHS: [(V X E) da = U, ff da
* This applies to any surface, so integrands are equal:

VX B = pof

— Ampere’s circuital law in differential form




Magnetic Vector Potential (1)

* |n electrostatics, V X E = 0 means we can have E = —TV.
* |n magnetostatics, V. B = 0 likewise means we can define

a magnetic vector potential A suchthat [ B =V X A
(div of curl of any vector is zero).

* We can put V.A=0 (can be proved: add VA to A o)
* Ampere’s law in terms of A :

VxB=Vx(VxA)=V(V.A4)-V?A=py
i.e.sinceV.A=0, V24 = —,Ll()f

* This is Poisson’s equation again (for each component).

Assuming | — 0 at oo, solution is A(7) = ”Of J() dv’

(F-1")

* [Note A is in the direction of the current.]




Magnetic Vector Potential (2)
1 7

G &

 Multipole expansion of A (like V):

f 1 dﬁ . (Legendre
4m * |7F-7| Polynomials)
1

LALL_(;'ZZ%OZO rn+l ﬁ(r,)npn(COS 9,) dﬁ —
TSR I

. N I
* For line currents A(7") = er J

monopole term dipoleterm  quadrupole term ...
* But: no magnetic monopoles, so first term =0

! . e — I —
* Dominant term: dipole Ay, () = Yo G r'cosB’ dl’ or

- ATTT 2
= > o MXT
Adip(r) ==

with dipole moment m =1 [ da

4T 12



