
• The electrostatic field is conservative i.e. 

 𝐸 ∙ 𝑑𝑙 
𝑃

= 0  

 for any closed path 𝑃. 

• This allows us to define the potential 𝑉 as a 
single-valued function at a point, and 

−  𝐸 ∙ 𝑑𝑙 
𝑏

𝑎
= 𝑉𝑏 − 𝑉𝑎        (“p.d.”) 

         = 0     if  𝑎 = 𝑏  
• Note only potential difference is defined;  
 zero of potential is arbitrary.  
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Electrostatic Field and Potential 



Conservative Nature of the 
Electrostatic Field (1) 

• Stokes’ theorem gives 

 𝐸 ∙ 𝑑𝑙 
𝑐

=  𝛻 × 𝐸 . 𝑑𝑎 
𝑠

  

 Since LHS = 0 for any curve 𝐶 the RHS must = 0. 

• This means that for any surface 𝑆 we must have 
for all points in space 

𝛻 × 𝐸 = 0 

 for an electrostatic field. 

 (“An electrostatic field is curl-free.”) 
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Conservative Nature of the 
Electrostatic Field (2) 

Conversely we can argue that if  𝛻 × 𝐸 = 0 

this implies that 𝐸 = −𝛻𝑉  where 𝑉 is potential. 

• Why?  𝛻 × 𝛻𝑓 = 0  for any 𝑓 

 (The curl of the grad of any scalar function is zero. ) 

• Thus 𝛻 × 𝐸 = 0 ⟹ 𝐸 = 𝛻𝑓 for some 𝑓. 

• We call 𝑓 −𝑉 so that  𝐸 = −𝛻𝑉 ; the direction of 

𝐸 is from high to low 𝑉. 

• For a non-static field 𝛻 × 𝐸 ≠ 0. Thus we can 

determine if a given 𝐸 field is electrostatic or not. 
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Gauss’s Law in Differential Form 

• In integral form:   𝐸 ∙ 𝑑𝑎 
𝑠

=
𝑄

𝜀0
=

1

𝜀0
 𝜌 𝑑𝒱
𝒱

 

where surface 𝑆 bounds volume 𝒱. 

• Apply divergence theorem to the LHS: 

 𝐸 ∙ 𝑑𝐴 
𝑠

=  𝛻. 𝐸 𝑑𝒱
𝒱

 =
1

𝜀0
 𝜌 𝑑𝒱
𝒱

  

• This is true for any volume 𝒱, so the integrands 
must be equal: 

𝛻. 𝐸 =
𝜌

𝜀0
 

• This is Gauss’s law in differential form. 
4 



Poisson’s Equation 

• Consider potential 𝑉 : the Laplacian of 𝑉 is  

𝛻2𝑉 = 𝛻 ∙ 𝛻𝑉 = 𝛻 ∙ −𝐸 = −𝛻 ∙ 𝐸 = −
𝜌

𝜀0
 

(last step by Gauss’s law). This is Poisson’s eqn.: 

𝛻2𝑉 = −
𝜌

𝜀0
 

• In charge-free regions (𝜌 = 0), this becomes 
Laplace’s equation.:  

𝛻2𝑉 = 0 

• Many electrostatic problems involve solutions of 
these eqns. with appropriate boundary conditions. 
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Multipole Expansion of Potential (1) 
• Potential of an arbitrary charge distribution:  

 𝑉 𝑟 =
1

4𝜋𝜀0
 

𝜌 𝑟 ′

𝑟 −𝑟 ′ 𝑑𝒱′ 

 (Solution of Poisson’s equation) 

• Using Taylor series for 1 𝑟 − 𝑟 ′  : 

 
1

𝑟 −𝑟 ′ =
1

𝑟
 

𝑟′

𝑟

𝑛

𝑃𝑛 cos 𝜃′∞
𝑛=0  

 (𝑃𝑛 are Legendre polynomials)  

 we get the multipole expansion of 𝑉: 

 𝑉 𝑟 =
1

4𝜋𝜀0
 

1

𝑟 𝑛+1  𝑟′ 𝑛𝑃𝑛 cos 𝜃′∞
𝑛=0 𝜌 𝑟 ′ 𝑑𝒱′    or 

𝑉 𝑟 =
1

4𝜋𝜀0

1

𝑟
 𝜌 𝑟 ′ 𝑑𝒱′ +

1

𝑟2  𝑟′ cos 𝜃′ 𝜌 𝑟 ′ 𝑑𝒱′ 

+
1

𝑟3  𝑟′ 2 3

2
cos2 𝜃′ − 1

2
𝜌 𝑟 ′ 𝑑𝒱′ + ⋯
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Field point 𝑃 
 
Source region  

(primed  
variables) 



Multipole Expansion of Potential (2) 

•  Monopole term:   𝑉mon 𝑟 =
1

4𝜋𝜀0

𝑄

𝑟
   [𝑄 =  𝜌 𝑟 ′ 𝑑𝒱′]  

• Dipole term: 𝑉dip 𝑟 =
1

4𝜋𝜀0

1

𝑟2  𝑟′ cos 𝜃′ 𝜌 𝑟 ′ 𝑑𝒱′ 

 or  𝑉dip 𝑟 =
1

4𝜋𝜀0

𝑝  . 𝑟 

𝑟2    where  𝑝 =  𝑟 ′𝜌 𝑟 ′  𝑑𝒱′      

 is the dipole moment of the charge distribution. 
• Quadrupole term: 

𝑉quad 𝑟 =
1

4𝜋𝜀0

1

𝑟3  𝑟′ 2 3

2
cos2 𝜃′ − 1

2
𝜌 𝑟 ′ 𝑑𝒱′      etc. 

• Note 𝑟 dependence:  1 𝑟  ; 1 𝑟2  ; 1 𝑟3  ...  

• Dipole electric field:    [ 𝐸 = −𝛻𝑉 ] 

 𝐸dip 𝑟, 𝜃 =
𝑝

4𝜋𝜀0𝑟3 2 cos 𝜃 𝑟 + sin 𝜃 𝜃  

8 


